LINEAR EQUATIONAL THEORIES

AND SEMIMODULE REPRESENTATIONS

JAROSLAV JEZEK AND TOMAS KEPKA

ABSTRACT. Equational theories of some linear equations are studied. As a con-
sequence, semimodule representations of the corresponding algebras are obtained.
Examples are shown on medial and paramedial equations and some of their general-

izations.

0. INTRODUCTION

For the classification of finite simple objects in a variety V' of (universal) alge-
bras, a crucial step may be to prove a representation theorem for V-algebras with-
out irreducible elements. Consider, for example, the variety of medial groupoids.
These are algebras with one binary, multiplicatively denoted operation satisfying
(xy)(zu) =~ (xz)(yu). A complete classification of finite simple medial groupoids
was given in [4], and one of the crucial steps was to prove that for every medial
groupoid G without irreducible elements there exists a commutative semigroup
S(+) with two commuting automorphisms f, g such that G is a subset of S and
ab = f(a) + g(b) for all a,b € G.

We hope that a similar classification can be obtained for finite simple objects in
some other varieties. The aim of this paper is to lay out equational and represen-
tational foundations for such results in a general setting. For varieties determined
by an equation similar to the medial law, we can usually start by reducing the
question to two special cases: that of simple finite zeropotent groupoids in the va-

riety, and that of simple finite quasigroups in the variety. These two cases are then
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handled separately: for the zeropotent case, the results of the present paper are
essential, while in the second case different methods, specific to quasigroups, must
be used. In papers [1], [2] and [3], the results of the present paper have been used
to obtain the description of finite simple paramedial groupoids (groupoids satisfy-
ing (zy)(zu) = (uy)(zx)): the reduction to the two cases has been obtained, and
all (not only finite) simple zeropotent paramedial groupoids have been completely
described. (The quasigroup case has not yet been finished.)

Let V be a variety of algebras with one n-ary operation F, and let E denote
the corresponding equational theory. We will suppose that F is based on a set of
equations having the same variables at both sides and such that both sides are linear
terms, i.e., terms in which every variable occurs at most once. The occurrences of
variables in terms can be identified in a natural way with arbitrary words over
the n-letter alphabet. With every linear equational theory E we can associate
a congruence Cpg of the free monoid over the n-letter alphabet, the congruence
relating the two occurrences of any variable at both sides of any linear equation
from E. On the other hand, with every congruence « of the free monoid we can
associate a linear equational theory E,, the largest equational theory such that
Cg, C a. This correspondence between linear equational theories and congruences
of the free monoid is not one-to-one, but has some nice properties. It will be
discussed in Section 2. The variety of models of Ec,, is called the essential core
of V. For example, the essential core of the variety of medial groupoids is the
proper subvariety generated by medial cancellation groupoids; at the same time, it
is just the variety generated by the medial groupoids having a representation in the
above sense.

In the more general case, V-algebras will be represented by commutative semi-
groups S(+4) with an n-tuple of endomorphisms hq,...,h, satisfying equations
induced by the congruence a = Cpg. Such objects are called a-semimodules. In
Section 4 we prove that every a-semimodule, considered as an algebra with one
binary operation hixy +- - -+ h,x,, belongs to the essential core of V', and that free
algebras in the essential core can be represented by a-semimodules. Consequently,
the essential core of V' is just the variety generated by the V-algebras having an a-
semimodule representation. In Section 3 we formulate conditions under which every

V-algebra without irreducible elements belongs to the essential core of V', and in



LINEAR EQUATIONAL THEORIES AND SEMIMODULE REPRESENTATIONS 3

Section 5 conditions under which all such algebras have an a-semimodule represen-
tation. We also formulate conditions under which the free monoid can be replaced
with the free group, and the endomorphisms of the representations are automor-
phisms. As an example, we show in Section 6 that all these conditions are satisfied
for the variety of paramedial groupoids (groupoids satisfying (zy)(zu) =~ (uy)(zx)).
For the variety of medial groupoids, the conditions are also satisfied.

In the trivial case of the variety of all algebras (with one n-ary operation F,
n > 2) the conditions are also satisfied. It follows that for any algebra A(F') there
exists a commutative semigroup S(+) and an n-tuple hy, ..., h, of automorphisms
of S(+) such that A is a subset of S and F(aq,...,a,) = hi(ay) + -+ + hpa, for
all ay,...,a, € A. However, this result is not as deep as in the case of varieties

satisfying particular equations, and does not seem to have applications.

1. LINEAR EQUATIONAL THEORIES

For the basics of universal algebra and equational logic, the reader is referred
to [7].

Let n > 2 be an integer. Let us take one fixed operation symbol F' of arity n.
Unless specified otherwise, all our algebras, terms, equational theories, etc., will
be of the signature consisting of this single operation symbol. The fundamental
operation of an algebra A will be denoted by F4. By a term we mean an element
of the absolutely free algebra over the infinite countable set X of variables. The
algebra of terms will be denoted by T'. By a substitution we mean an endomorphism
of T'. A substitution is called short if it maps the set X into itself.

We fix n different symbols F1, ..., F, and denote by M the free monoid over the
set {Fy,..., F,}; its elements are called words. The empty word is the unit of M;
it will be denoted by (. A word f is said to be a subword of a word e if e = gfh
for some words g and h. Two words e and f are called comparable if either e is
a beginning of f or f is a beginning of e. In all other cases, the two words are
incomparable. The length of a word e is denoted by |e|.

The elements of M can be used to represent the nodes of the rooted n-ary tree,
corresponding to a given term t. For a given term ¢, we denote by O(t) the (finite)
subset of M consisting of the nodes of the tree of ¢, and for each e € O(t) we

denote by t[e] the corresponding subterm of ¢. More precisely, we can define O(t)
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and t[e] (for e € O(t)) by induction on the complexity of ¢ as follows: If ¢ € X, then

O(t) = {0}; t[0) = ¢. If t = Ftq...t,, then O(t) = {0} UU;_,{Fie: e € O(t:)};
t[0] = t and t[Fie] = t;[e].

The elements of O(t) are called occurrences in t. If e € O(t) and tle] = w, we
say that e is an occurrence of a subterm w in t. We denote by Ox (t) the (finite) set
of occurrences of variables in ¢. The set of variables occurring in ¢ will be denoted
by S(¢) and called the support of . A term ¢ is called linear if every variable has
at most one occurrence in t. Two terms u and v are called similar if v = p(u) for
an automorphism ¢ of T', i.e., if Ox(u) = Ox(v) and whenever e, f € Ox (u), then
ule] = u[f] if and only if v[e] = v[f].

Let t be a term and e, f be two incomparable words from O(t). We denote by
t(&:f) the (unique) term such that t(&)[e] = ¢[f], t(&)[f] = tle] and (& ]g] = t[g]
for all g € Ox(t) incomparable with both e and f. If e, f € Ox(t), then Ox(t) =
Ox (teh).

By an isosceles term of depth k we mean a term ¢ such that |e|] = k for any
e € Ox(t). Equivalently: A term t is an isosceles term of depth k if and only if
Ox () is the set of all words of length k.

By an equation we mean an ordered pair (u,v) of terms; we will sometimes
write u &~ v instead of (u,v). By an equational theory we mean a fully invariant
congruence of the term algebra.

An equation u =~ v is called regular if S(u) = S(v). An equation u = v is called
balanced if every variable has the same number of occurrences in u as in v. An
equation u =~ v is called linear if it is regular and both u and v are linear terms.
While the set of regular equations, as well as the set of balanced equations, are
equational theories, the same is not true for linear equations. An equational theory
is called linear if it is based on a set of linear equations. Every linear equational

theory is balanced, and every balanced equational theory is regular.

1.1. Theorem. Let E be a linear equational theory. Then for any equation (u,v) €
E there exists a linear equation (u',v") € E such that o(v') = u and o(v') = v for

a short substitution o.

Proof. Denote by E’ the set of the equations (u,v) € E for which such a linear

equation (u’,v’) exists. Let B be a base for E, consisting of linear equations.
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Clearly, B is contained in E’ and so it remains to prove that E’ is an equational
theory.

The reflexivity and symmetry of E are obvious. Let us prove the transitivity. Let
(u,v) € E" and (v, w) € E’. There exist linear equations (u’,v") € E, (v, w") € E
and short substitutions oy,09 with v = o1(v'), v = 01(v") = 02(v”) and w =
oo(w'). Since the terms v’ and v” are linear and have a common short substitution
instance, they are similar. There exists an automorphism ¢ of T with v = p(v').
Since 01(v') = v = o2¢(v'), we have o1(z) = oa¢(z) for every x € S(v') = S(u'),
and hence u = o1 (u') = o2p(u’). We get (u,w) € E’, since (p(u’),v”) is a linear
equation belonging to E (because p(u') E ¢(v') = v E w”) and o9 is a short
substitution with u = g2 (u') and w = oa(w”).

It is easy to see that E’ is a congruence. So it remains to prove that (u,v) € E’
implies (p(u),p(v)) € E’ for any substitution ¢. There exist a linear equation
(u',v") € F and a short substitution ¢ with u = o(u’') and v = o(v’). For every
x € S(u') = S(v') take a linear term 1 (x) similar with po(x), in such a way that the
supports of the terms ¢ (z) are pairwise disjoint for different variables x. Because
of this disjointness, there exists a short substitution x such that ki (z) = po(x) for
all z € S(u') = S(v'). Hence kp(u') = po(u') = p(u) and kip(v') = ¢(v). Since
((u'),(v")) is a linear equation belonging to E, we get (p(u),p(v)) € E'. O

2. THE CORRESPONDENCE

Let a be a congruence of M. We define a binary relation E, on T as follows:
u E, v if and only if there exists a bijection h of Ox(u) onto Ox(v) such that
ule] = v[h(e)] and e a h(e) for all e € Ox(u). (Such a bijection h will be called
a-admissible for u,v.)

Let E be an equational theory. We define a binary relation Cg on M by e Cg f if
and only if there exists a linear equation (u,v) € F such that e € Ox(u), f € Ox(v)
and ule] = v[f].

2.1. Theorem.

(1) If « is a congruence of M, then E, is a linear equational theory.
(2) If E is a linear equational theory, then Cg is a congruence of M.

(3) a1 C ay implies E,, C E,, for any pair of congruences ay,as of M.
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(4) E1 C E5 implies Cg, C Cg, for any pair of linear equational theories
Ey, Es.
(5) Cg, C « for any congruence o of M.

(6) E C Ec, for any linear equational theory E.

Proof. (1) The relation E, is an equivalence, since « is an equivalence. It is a
congruence of T', since « is a left congruence of M (i.e., e o f implies Fie o F; f
for any i € {1,...,n}). Let u E, v and let ¢ be a substitution. There exists an a-
admissible bijection h for u,v. If e € Ox(p(u)), then e can be uniquely decomposed
into e = ejes where e; € Ox (u); define g(e) = h(ey)es. It is easy to see that g is a
bijection of Ox (¢(u)) onto Ox (p(v)) and p(u)le] = p(v)[g(e)]. We have e a g(e),
since e; v h(eq) implies ejes a h(eq)es. So, g is a-admissible for p(u), ¢(v) and E,
is an equational theory.

Let (u,v) € E, and let h be an a-admissible bijection for u,v. Clearly, there is
a linear term u’ with Ox (u') = Ox(u). There is a unique term v" with Ox (v') =
Ox (v) and v'[e] = u'[h1(e)] for all e € Ox (v'). It is easy to check that (u’,v’) €
E,, (u/,v') is a linear equation and (u,v) is a consequence of (u’,v’). This shows
that E, is a linear equational theory.

(2) The reflexivity and symmetry of Cg are clear. In order to prove transitivity,
let e Cg f Cg g. There are linear equations (u,v;) € E and (ve,w) € E with
e € Ox(u), f € Ox(v1) N Ox(v2), g € Ox(w), ule] = vi[f] and va[f] = wlg].
Clearly, there is a linear term v such that f € Ox(v), Ox(v1) € O(v) and
Ox(v2) € O(v). There are substitutions o1 and o9 with v = o1(v1) = o2(v2).
We have (o1(u),01(v1)) € E and (02(v2),02(w)) € E. Since o1(v1) = o2(v2), we

get (o1(u),02(w)) € E. Clearly, this is a linear equation. Since

o1(u)le] = o1 (ule]) = o1(vi[f]) = v[f] = o2(v2[f]) = o2(wlg]) = o2(w)]g],

we get e Cg g. This shows that Cg is an equivalence. It is a left congruence, since
F is a congruence; it is a right congruence, since E is fully invariant.

(3) and (4) are evident, and (5) is easy. Let us prove (6). Since E is a linear
equational theory, it is sufficient to show that every linear equation (u,v) € E
belongs to Ec,. There is a unique bijection h of Ox(u) onto Ox (v) with ule] =
v[h(e)] for all e € Ox(u). We have e Cg h(e) for any e € Ox (u) by definition, and

hence (u,v) € Ec,. O
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Let us call an equational theory F essential if £ = E,, for a congruence « of M.
Of course, every essential equational theory is linear. Let us call a congruence « of

M essential if « = Cg for a linear equational theory F.

2.2. Theorem. A linear equational theory E is essential if and only if it contains
any linear equation (u,v) such that for any e, f with ule] = v[f] there exists a linear
equation (u',v') € E with u'le] = V'[f].

a — Eq is an isomorphism of the complete lattice of essential congruences of
M onto the complete lattice of essential equational theories, and E — Cg is the

mverse isomorphism.

Proof. By (3), (5) and (6) of Theorem 2.1, E¢c, = F if E = E,, for some «, i.e.,
if £ is essential. Similarly, Cg, = o whenever « is essential. From this it follows
that the two mappings are mutually inverse, order preserving bijections between
the set of essential equational theories and the set of essential congruences. A linear
equational theory E is essential iff E¢, = F iff Eq, C FE iff every linear equation
from Ec, belongs to E, and this condition can be reformulated according to the
definitions. From this characterization it follows easily that the intersection of an
arbitrary collection of essential equational theories is again essential, so that the set

of essential equational theories is a complete lattice (with respect to inclusion). O

For a given linear equational theory E, the equational theory Ec, will be called
the essential closure of E. It is just the least essential equational theory contain-
ing F.

It is easy to see that for any pair e, f of words there exists a term ¢ such that
e,f € Ox(t) and whenever e, f € Ox(t") for some t’, then ¢’ is a substitution
instance of t; this term ¢ is linear and is uniquely determined up to similarity. It
will be denoted by J. ;. (More precisely, we take one fixed term in the similarity
class of u and denote it by J. s.) Let e, f be two incomparable words. Recall
that, according to the above definitions, Je(z’cf ) is the term obtained from Je,r by

transposing the variables at e and f.

2.3. Lemma. Lete, f be two incomparable words. Then for a congruence o of M,

e « f if and only if (Je,f,Je(fJZf)> € E,.

Proof. It is easy. [
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A congruence « of M is said to be length preserving if e a f implies |e| = | f|.

2.4. Theorem. FEvery length preserving congruence of M s essential. More gen-
erally, if o is a congruence of M such that e, f are incomparable whenever e o f

and e # f, then a is essential.
Proof. Tt follows from Lemma 2.3. [

2.5. Theorem. Let E be a linear equational theory and B be a base for E consist-
ing of linear equations. Denote by aq the set of the ordered pairs (e, f) such that
there is an equation (u,v) € B with e € Ox(u), f € Ox(v) and ule] = v[f]. Then
Cg is the congruence of M generated by .

Consequently, if E is a finitely based linear equational theory, then Cg is a

finitely generated congruence of M.

Proof. Denote by a the congruence generated by agy. Clearly, a C Cpg. Let
(e, f) € Cg, so that ule] = v[f] for some linear equation (u,v) € E. There ex-
ists a derivation of (u,v) based on B, i.e., a finite sequence py, . . ., px of terms such
that u = pg, v = pr and every p;11 is obtained from p; by replacing a subterm
pilg:] = o (u;) with o;(v;) for some g; € Ox(p;), some equation (u;,v;) € BU B™1
and some substitution o;. Let us define a word e; € Ox(p;) by induction on i
as follows: eg = e; e;11 is the only word from Ox (p;+1) with p;le;] = piy1leita]-
Clearly, e = f. In order to prove (e, f) € «, it is sufficient to prove (e;, e;41) € «
for all ¢+ = 0,...,k — 1. If e; is incomparable with g;, then e;+1 = e;. So,
let e; be comparable with g;. We have e; = g;rs for some r € Ox(u;) and
s € Ox(oi(u;[r])). Put z = w;r] and y = o;(x)[s]. There is a unique word
r" € Ox(v;) with v;[r'] = x; we have (r,r’) € ag by definition. It is easy to see that
pit1]9im’'s] =y = pilgirs| = pilei], and hence e; 11 = g;’s. Since (r,7’) € a, we get

(girs, gir's) € a, ie., (e, €i41) €. [

An equational theory F is called cancellative if (Fuy ... u,, Fvi...v,) € E and
i€ {l,...,n} imply (u;,v;) € E whenever u; = v; for all j # i. A congruence « of

M is called left cancellative if ef o eg implies f « g.

2.6. Theorem. If« is a left cancellative congruence of M, then E, is cancellative.

If E is a cancellative linear equational theory, then Cg is left cancellative.

Proof. 1t is easy. [
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The variety of models of E, will be denoted by V. A variety is called linear
if the corresponding equational theory is linear. A variety is called essential if the
corresponding equational theory is essential. If V' is a linear variety, then the largest
essential variety contained in V' will be called the essential core of V; it is the variety
of models of the essential closure of the equational theory of V.

It has been proved in [4] that the essential core of the variety of medial groupoids
is just the variety generated by medial cancellation groupoids. A similar result has
been proved for paramedial groupoids (these are groupoids satisfying (zy)(zu) ~
(uy)(zzx)) in [6]. We do not know, however, if the two results have an elegant

common generalization.

As it is easy to see, every finitely based linear (or, more generally, balanced)
equational theory F is decidable. The essential closure of F is a linear equational
theory which is not, however, finitely based in many cases. For example, the es-
sential closure of the equational theory of medial groupoids is not finitely based.
This has been proved in [4]; more strongly, Polldk and Szendrei [8] prove that the
essential closure has an infinite, independent base. In spite of this fact, the essential

closures are decidable equational theories in many cases:

2.7. Theorem. Let E be a finitely based linear equational theory such that Cg is
a length preserving congruence of M. Then the essential closure of E is a decidable

equational theory.

Proof. By 2.5, Cg is a finitely generated congruence. It is easy to see that every
finitely generated, length preserving congruence of M is decidable and, by the
definition of E,, the equational theory E, is decidable whenever « is a decidable

congruence. [J

On the other hand, we do not know if the class of finite models of the essential
closure of a finitely based linear equational theory is always recursive. We do not
know it even in very simple particular cases. The following open problem can be
pointed out: Is the class of finite groupoids from the essential core of the variety of

medial groupoids recursive?

3. ALGEBRAS WITHOUT IRREDUCIBLE ELEMENTS

An element a of an algebra A (of signature {F'}) is called irreducible if there is
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no n-tuple by,...,b, with a = Fa(by,...,b,).

Let e, f be a pair of words with |e| = |f| and e # f. A linear equation (u,v) is
said to be (e, f)-separating if e, f € Ox(u) = Ox(v), ule] = v[f], ul[f] = v|[e] and
ulg] = v[g] for all g € Ox (u) — {e, f}. We call an equation (u,v) separating if it is
(e, f)-separating for some e, f.

A linear equational theory F is said to be separable if Cg is a length preserving
congruence of M and for any (e, f) € Cg with e # f there exists an (e, f)-separating
equation (u,v) € E. A linear variety is said to be separable if its equational theory

is separable.

3.1. Theorem. Let V' be a separable linear variety. Then every algebra from V

without irreducible elements belongs to the essential core of V.

Proof. Denote by E the equational theory of V' and by E’ the essential closure of E
(so that E’ is the equational theory of the essential core of V). Let A € V be an
algebra without irreducible elements. We need to prove that every linear equation
(u,v) € E' is satisfied in A.

Let (e, f) € Cg and put k = |e] = |f|. For every term t with e, f € Ox(t)
denote by t' the term such that Ox(t') = Ox(t), t'[e] = t[f], t'[f] = t[e] and
t'[g] = t[g] for all g € Ox(t) — {e, f}. Let us call a term t admissible if it is linear,
e, f € Ox(t) and (t,t') is satisfied in A. Since F is separable, there exists at least
one admissible term. An application of a suitable substitution provides us with
an admissible term ¢ such that |g| > k for all g € Ox(t). Suppose that there is
a word g € Ox(t) of length at least k, such that t|g] = F(z1,...,z,) for some
(pairwise distinct) variables x1,...,x,. Of course, g is incomparable with both e
and f. Denote by w the term obtained from t by replacing the subterm at g with
a variable not belonging to t. Since A is an algebra without irreducible elements
and (t,t’) is satisfied in A, it is easy to see that also (w,w’) is satisfied in A; hence
w is also admissible. In this way we can replace any admissible, non-isosceles term
t such that |g| > k for all ¢ € Ox(t), with a new term w which is closer to an
isosceles term of depth k and satisfies the same condition. Consequently, there
exists an isosceles admissible term of depth k.

Let t be an isosceles term of depth k. For every permutation p of Ox (t) denote

by tP the term with Ox (t?) = Ox (t) and tP[e] = t[p(e)] for all e € Ox (). Denote
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by P the group of the permutations p for which (¢,¢P) is satisfied in A. We have
seen that every transposition (e, f) with (e, f) € Cg belongs to P. Now every
permutation p with the property (e, p(e)) € Cg for all words e of length k can be
expressed as the product of such transpositions, and consequently belongs to P.
This shows that the algebra A satisfies any linear equation (p, q) € E’ such that
p is an isosceles term. If (u,v) is any linear equation from E’, then for a suitable
substitution o, the term o(u) is a linear isosceles term. The equation (o(u),o(v))
is satisfied in A. Since A is an algebra without irreducible elements, it follows that

(u,v) is satisfied in A. O

Given an equational theory E, we denote by C% the set of the ordered pairs
(e, f) of words such that |e| = |f| and (t,t(f)) € E for any linear isosceles term ¢
of depth |e].

3.2. Lemma. Let E be a linear equational theory. Then C% is a left congruence

of M and C% C Cpg. If C% = Cg, then E is separable.
Proof. 1t is easy. [

3.3. Theorem. Let E be a linear equational theory such that the following condi-

tions are satisfied:

(1) Cg is a cancellative, length preserving congruence;

(2) if (FieFy, F;fF,) € Cg where i # j, then either (FieFy, F;fF,) € C% or
(eFy,g) € Cg for some g incomparable with e or (fF;,g) € Cg for some g
incomparable with f;

(3) if (FieFy, F;fF,) € Cg where i # j, then either (FieFy, F;fF,) € C% or
(eFy,gF;) € Cg for some g or (fFy,gF)) € Cg for some g.

Then E is separable.

Proof. By 3.2 it is enough to prove Cp C CY%. Let us prove by induction on |e]
that (e, f) € Cg implies (e, f) € C%. If |e| < 1, it is clear. Let e = FyeqF} and
f=F;foF.

If i = j, then (egFy, foF)) € Cg by left cancellation, so that (eqFg, foF;) € C%
by the induction assumption and hence (e, f) = (FyeqFy, F; foF;) € C%.

Let i # j. Consider first the case k = [. By right cancellation, (Fjeq, F}j fo) € Cg;
by induction, (Fieq, F; fo) € C%. By (2), without loss of generality (eoFy, g) € Cg
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for some g incomparable with eyg. By induction, (eqF,g) € C%. Consequently,

(e, F;g) € CY%. Let t be an isosceles term of depth |e|. Put

t = (e Fig)(Fieo,Fjfo)(e, Fig)(Fieo, Fj fo)(e,Fig),

so that (t,¢’) € E by the definition of C%. It is easy to check that ¢ = ¢(&f).
Consequently, (t,t(¢)) € E and (e, f) € C%.

Now let k # [. By (3), without loss of generality (eoF),gF;) € Cg for some g.
By induction, (eqFy,gF;) € C%. Consequently, (FieoFy, F;gF;) € CY%. Since
(F; foFi, FigF;) € Cg, it follows from the previous step of the proof that the ordered
pair (F} foF}, FigF;) belongs to C%. We get (e, f) € C% by transitivity. O

3.4. Corollary. Let E be a linear equational theory having a base B such that
every equation from B is (e, f)-separating for some e, f and the following conditions

are satisfied:

(1) Cg is a cancellative, length preserving congruence;
(2) if (FieFy, FjfF) € Cg— (BUB™!) where i # j, then either (eFy,g) € Cg
for some g incomparable with e or (fF},g) € Cg for some g incomparable
with f;
(3) if (FieFy, F; fF)) € Ce—(BUB™!) wherei # j, then either (eF), gF) € Cg
for some g or (fF;,gFy) € Cg for some g.
Then E is separable. [

4. FREE ALGEBRAS

Let a be a congruence of M. By an a-semimodule we mean a universal algebra
of the signature {+,0, Fy,..., F,} where + is a binary operation symbol, 0 is a
constant, F; are considered as unary operation symbols and the following identities

are satisfied:
(z+y)+zrz+(y+2),
Tt+y=~y+uwx,
r+0~x,
Filzx+y) =~ Fix+ Fy (i=1,...,n),
FOo=0 (i=1,...,n),

ex ~ fr for any (e, f) € a.
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Clearly, the class of a-semimodules is a variety. It is easy to see that the infinite
collection of identities ex &~ fz can be equivalently replaced by {ex ~ fx : (e, f) €
K} for any generating subset K of a. Consequently, the variety of a-semimodules
is finitely based whenever « is a finitely generated congruence of M.

Let S be an a-semimodule. We can define an n-ary operation Fs on S by
Fs(ay,...,an) = Fra1 + -+ Fhay,.

In this way, every a-semimodule becomes an algebra (of signature {F'}).

4.1. Theorem. Let o be a congruence of M and S be an a-semimodule.

(1) For a homomorphism ¢ of the term algebra T (of signature {F'}) into S

and for a term t,

CEOX (t)

(2) The algebra S, considered as an algebra of signature {F'}, belongs to V.

Proof. (1) is easy by induction on the complexity of ¢. In order to prove (2), let
¢ be a homomorphism of 7" into S and let (u,v) € E,. There is a bijection h of
Ox (u) onto Ox(v) such that u[e] = v[h(e)] and e « h(e) for all e € Ox(u). It
follows easily from (1) that h(u) = h(v). O

Let Y be a nonempty set. The free a-semimodule over Y will be denoted by H<.
Clearly, its elements can be expressed in the form Y ._, e;y; where r > 0, y; € YV
and e; € M; we have Y/, e;y; = >0, fj2 if and only if r = s and there is a
permutation h of {1,...,r} such that y; = zj,(;) and e; a f(; for all 4.

The {F'}-subalgebra of H¢ generated by Y will be denoted by G%.

4.2. Theorem. Let o be a congruence of M and Y be a nonempty set. Then
G$ is the free algebra in the variety Vo over Y. An element eyy1 + ...exyr of

HY belongs to G if and only if k > 0 and there exist pairwise incomparable words

firaer, ..., fr aer such that whenever f; = ef for some words e and f, where f is
nonempty, then for every j € {1,...,n} there exists an i’ with f;y = eF;g for some
word g.

Proof. Consider first the case Y = X. Denote by ¢ the homomorphism of T

onto G% extending the identity on X. For two terms uw and v we have p(u) =
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D ecoy (w eule] and ©(v) =3 o () [U[f]: 50 (u) = ¢(v) if and only if there is
a bijection h of Ox(u) onto Ox(v) such that ule] = v[h(e)] and e a h(e) for all
e € Ox(u), i.e., if and only if (u,v) € E,. Hence G% is isomorphic to the factor of
T by E,, which is a free algebra in the variety V..

The general case follows easily. If Y is finite, then G§ is isomorphic to a subal-
gebra of G generated by a finite subset of X, which is necessarily free in V. If
Y is infinite, then every subalgebra of G generated by a countable subset of Y is
free in V; it follows that G§ is free itself.

The characterization of the elements of G§ follows from a similar characterization

of the sets of words that are of the form Ox (t) for a term ¢t. [

4.3. Example. Let n = 2 and a be the congruence of M generated by the pairs
(F1Fy1, FyF5) and (FyFy, FoF). Then « is a cancellative and length preserving
congruence (we have e o f if and only if |e] = |f| and the numbers of occurrences
of F1 in e and in f are of the same parity). We have Fyx + Fy(Fly + Faz) =
Firx+ FoFoy + FoFz € G, while Fiz + Fiy ¢ G§. This shows that u + e(Fiy; +

... Fhyn) € G§ does not necessarily imply u + ex € G§.

If « is a length preserving congruence of M, then it makes sense to define the
depth of an element ey € H¥, forany e € M and y € Y, to be the length of e. For an
arbitrary element u of H¢, the minimal depth of u is (defined to be) the minimum
of the depths of its summands and the maximal depth of u is the maximum of the
depths of its summands. We denote by 0(u) the maximal and by 0’(u) the minimal
depth of wu.

4.4. Lemma. Let a be a length preserving congruence of M andY be a nonempty
set. Let m > 0 and u € G§ be an element of minimal depth m + 1. If u can be
expressed as u = w + eFy1yy + - - - + eFpyn, where e is of length m and y; € Y, then
w+ey e Gy foranyyeY.

Proof. Since u € G¥, there exists a linear term ¢ and a homomorphism ¢ of 7" into

¢ such that ¢ maps X into Y and u = ¢(t). There are words ey, ..., e, € Ox(t)
with e; a eF; and y; = ¢(t[e;]). Put x; = t[e;]. Every occurrence of a variable in
t is of length at least m + 1. From this it follows that every word of length m + 1
belongs to O(t). In particular, eFy,...,eF;, are elements of O(t). Denote by t’

the (linear) term obtained from ¢ by replacing, for any i € {1,...,n}, the subterm
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at eF; with the variable z;, and the variable x; with the subterm at eFj;. Using
the definition of E, it is easy to see that (t,t') € E,, so that p(t') = ¢(t) = w.
Denote by t” the term obtained from ¢’ by replacing the subterm Fzi...x, at e
with a new variable z. Clearly, w 4 ey = ¥ (t") where v is the homomorphism of
T into G§ with ¢(x) = y and ¢¥(z) = ¢(z) for any z € X — {z}. Consequently,
w+ey e Gy, O

4.5. Lemma. Let a be a length preserving congruence of M andY be a nonempty
set. Let w € Hy, u € G§ and e € M be such that w + eu € G§ and 0(eu) <

O (w+eu). Then w+ey € G§ foranyy €Y.

Proof. By induction on the number of summands of u. If v € Y, it is clear.
Otherwise, we can write v = Fju; + --- + Fhu, where u; € G§. Hence w +
eu = w+ eFjuy + -+ + eF,u,. Applying the induction assumption n times, we
obtain w + eFiy; + -+ + eFhy, € G (where y; € Y). By 4.4, it follows that
w+eyecGy. O

5. SEMIMODULE REPRESENTATIONS

Let a be a length preserving congruence of M and let A € V, be an algebra
without irreducible elements. Put H = H and G = G4 (where A is considered as
a set only). Denote by ¢ the homomorphism of G onto the algebra A extending the
identity on A. Let us define a binary relation R on H as follows: (u,v) € R if and
only if u = w + ea and v = w + eFja; + - -+ + eFja, for some w € H, e € M and
a = Fa(ay,...,a,) € A. Define a binary relation R’ on H by (u,v) € R’ if and only
if there is a finite sequence uq, ..., uy of elements of H such that u = ug, v = u; and
(ui_1,u;) € RUR™! for all i. Clearly, R’ is a congruence of the a-semimodule H;
it is the congruence generated by R.

For every a € A let us fix one n-tuple (¢1(a),...,q.(a)) with a = Fa(qi(a),. ..,
gn(a)). For every a € A and every e € M define an element p.(a) of A by induction
on the length of e as follows: if e = (), then p.(a) = a; if e = fF;, then p.(a) =

¢ips(a). For every a € A and every nonnegative integer k put

C(k,a) =) epe(a),

eGLk

where L denotes the set of the words of length k. For every element u = eja; +
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-+ egar € H and every integer m > 0(u) put
D(m,u) =e1C(m — le1],a1) + - - - + exC(m — |eg|, ax).

5.1. Lemma. The following are true:
(1) C(k,a) € G and ¢(C(k,a)) = a for any a € A. We have (C(k,a)) =
J(C(k,a)) =k.
(2) If u € G and m > O(u), then D(m,u) € G and ¢(D(m,u)) = o(u). We
have O(D(m,u)) = &' (D(m,u)) = m.
) If u,v € H and m > 0(u+v), then D(m,u+ v) = D(m,u) + D(m,v).
) Ifue H, e € M and m > d(eu), then D(m,eu) = eD(m — |e|, u).
5) Let (u,v) € R. Ifu € G, then v € G and p(u) = ¢(v).

) Let (u,v) € R and m be an integer such that m > 0(u) and m > 0(v). If
one of the elements D(m,u) and D(m,v) belongs to G, then both belong to
G and p(D(m,u)) = ¢(D(m,v)).

(7) Let a,b be two elements of A such that {a,b) € R'. Then a =b.

Proof. The first five assertions are easy to prove. Let us remark, however, that
(according to Example 4.3), (u,v) € R and v € G do not necessarily imply u € G.

Let us prove (6). We have u = w + ea and v = w + eFya; + - -+ + eFpa, for
some w € H, e € M and a = Fa(aq,...,a,) € A. Hence D(m,u) = D(m,w) +
eD(m — |e|,a) and D(m,v) = D(m,w) + eD(m — |e|, Fia1 + - - - + F,a,). If either
of these two elements belongs to G, then Lemma 4.5 can be applied to show that
D(m,w) + ea € G. We have (D(m,w) + ea, D(m,w) + eFia; + --- + eFay) € R,
so that D(m,w) + eFiay + - -- + eFyha, € G and p(D(m,w) + ea) = ¢(D(m,w) +
eFia;+---+eFy,ay) by (5). We have D(m,u) = D(m, D(m,w)+ea) and D(m,v) =
D(m,D(m,w)+eFia1+---+eF,a,), so both these elements belong to G and have
the same images under ¢ according to (2).

In order to prove (7), let (a,b) € R’ and a,b € A. There exists a finite se-
quence ug,...,u, of elements of H such that a = ug, b = ug and (u;—1,u;) €
RU R™! for all i. There exists an integer m with m > 9(u;) for all i. We have
D(m,a) € G and ¢(D(m,a)) = a by (2). Similarly, o(D(m,b)) =b. By (6) we get
o(D(m,ug)) = e(D(m,uy)) = -+ = @(D(m,uy)) (and all these elements belong
to G). In particular, a = ¢(D(m,a)) = p(D(m,b)) =b. O
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5.2. Theorem. Let a be a length preserving congruence of M. Then for every
algebra A € V without irreducible elements there exists an a-semimodule S =
S(+,0,h1,...,hy) such that A is a subset of S and Fa(aq,...,ay) = hia; +---+

hnan for all aq,...,a, € A.

Proof. According to 5.1(7), the mapping a — a/R’ of A into H/R' is injective. It
follows from the definition of R’ that the mapping is a homomorphism of A onto the
subalgebra G/R’ of H/R' (with respect to the signature {F'}). So, an isomorphic

copy of H/R' serves the purpose. O

5.3. Theorem. Let a be a length preserving, left cancellative congruence of M

satisfying the following condition:

(%) If a word e and an integeri € {1,...,n} are such that for any j € {1,...,n}
there exists a word f; with F;f; a eF, then there exists a word g such that

Fig ae.

Then for every algebra A € V. without irreducible elements there exists an -
semimodule S = S(+,0,h1,...,h,) such that hy,..., h, are injective endomor-
phisms of S(+,0), A is a subset of S and Fa(as,...,an) = h1a1 + -+ + hna, for

all ay,...,a, € A.

Proof. With respect to the proof of Theorem 5.2, it is sufficient to show that
(Fyu, Fyv) € R implies (u,v) € R’ for any i € {1,...,n}.

Let us prove first that if p,q,p’ are three elements of H such that (p,q) €
RUR™! and p = F;p/, then there exists an element ¢’ with (p’,¢’) € RU R™!
and ¢ = F;¢’. In the case (p,q) € R it is evident, so let (¢,p) € R. We have
q =w+eaand p =w+ eFray + -+ eFna, for some w € H, e € M and
a = Fa(ay,...,ap) € A. Since p = F;p', we have w = Fw' for some w' € H,
eFja; = F;fja; for some words f; (j=1,...,n), and p’ = w' + fia1 + - + fran.
Hence eF; a F; f; for all j. By (x) there exists a word g such that F;g o e. Since «
is left cancellative, F;gF; o eF; o F;f; implies gF; o f;. Put ¢ = w' 4 ga. Then
q,p) = (w+ga,w'+gFra1+- - -+gFpa,) € Rand F;¢' = Fjw'+F,ga = w+ea = q.

If (Fju, F;v) € R’, then there is a finite sequence uy,...,u; with Fyu = uy,
Fv = uy and (u;_1,u;) € RUR™! for all j. According to the previous observation,

there are elements wug, . .., u) such that uy = u, u; = Fyu; for all j and (u}_,,u}) €
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RUR™! for all j. Now Fju), = F;v implies u} = v; this follows from the left

cancellation property of a. We get (u,v) € R'. O

We denote by M the free group over {Fy,...,F,}. The free monoid M is a
submonoid of M. For a congruence o of M, denote by & the congruence of M
generated by a. We say that & extends a if @« = @ N (M x M). Clearly, if &
extends «a, then « is a cancellative congruence of M.

By an é-semimodule we mean a universal algebra of the signature {+,0, F1, ...,

F,, F o , -1}, satisfying all the identities for a-semimodules and, moreover,
FF v~ F 'Fr~x

fort =1,...,n. Clearly, the class of &-semimodules is a variety; it is finitely based
whenever « is a finitely generated congruence.

Similarly as in the case of a-semimodules, every &-semimodule can be considered
as an algebra of signature {F'} with respect to the operation (a,...,a,) — Fia; +
---+ F,a,. The algebra again belongs to V4.

The free d-semimodule over a nonempty set Y is the set of formal expressions
S eiy; wherer >0, y; €Y and e; € M we have S ey = ijl [z if and
only if 7 = s and there is a permutation h of {1,...,r} such that y; = 2,(;) and
e;i & [ for all 4. If & is an extension of a, then the {F'}-subalgebra generated by

Y is isomorphic with G and can be identified with G§.

5.4. Theorem. Let a be a length preserving congruence of M such that & ex-

tends o and the following condition is satisfied:
(%) Ife € M is such that for anyi € {1,...,n} there exists a word e; € M with
(eF;,e;) € &, then there exists a word f € M such that (e, f) € &.
Then for every algebra A € V. without irreducible elements there exists an &-
semimodule S = S(4,0,h1, ..., by, R Y, ... hY) such that A is a subset of S and
Fa(ay,...,an) = hiay + -+ hpa, for all ay,. .. a, € A.

Proof. Denote by H the free é-semimodule over the set A, so that H is the subset
of H consisting of the elements > e;a; such that for every i there is a word f; € M
with (e;, f;) € M. Let us define a binary relation @ on H as follows: (u,v)y € Q

if and only if u = w + ea and v = w + eFia; + --- + eF,a, for some w € ﬁ,
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e € M and a = Fu(ay,...,a,) € A. Define Q' by (u,v) € Q' if and only if there
is a finite sequence ui,...,uy of elements of H such that u = wug, v = ug and
(ui—1,u;) € QU Q™1 for all i. Clearly, Q' is the congruence of H generated by R'.

Let (u,v) = (w + ea,w + eFia; + -+ + eFra,) € Q. We are going to prove
that if one of the elements u and v belongs to H, then they both belong to H and
(u,v) € R. If w € H, then w € H and ea = €’a for some ¢’ € M, so everything
is clear. Let v € H. Then w € H and for any i € {1,...,n} there exists a word
e; € M with (eF;,e;) € &. By (%) we get ea = fa for some f € M. Consequently,
u=w-+eac H.

It follows that if (u,v) € @ and at least one of the elements u and v belongs
to H, then they both belong to H and (u,v) € R'. In particular, if a,b € A and
(a,b) € H', then (a,b) € R' and a = b by 5.1(7). This means that the mapping
a— a/Q of Ainto H/Q' is injective and the proof can be finished in the same

way as the proof of Theorem 5.2. [J

For the purpose of applications, we also need to extend (slightly) the results on
semimodule representations for algebras containing a zero element. An element o
of an algebra A is said to be a zero element if Fy(aq,...,a,) = o whenever a; = o

for at least one i € {1,...,n}.

5.5. Theorem. Let E be a linear equational theory having a base B such that
every equation from B is (e, f)-separating for some e, f and the congruence « = Cg
satisfies conditions (1), (2) and (3) of Theorem 3.4. Then for every model A of E
without irreducible elements there exists an a-semimodule S(+,0,hy, ..., hy) such
that A is a subset of S, Fa(ay,...,a,) = hiay + -+ hpa, forallay,... a, € A,

and the following are true:

(1) if the algebra A contains a zero element o, then u+o0 = o and h1(0) = --- =
hn(0) = o for all u € S;
(2) if & extends o and (%) is satisfied, then hi,..., h, are automorphisms

of S(+).

Proof. We only need to consider the case when A contains a zero element o.
For every element a € A we have fixed one n-tuple (q1(a),...,q,(a)) with a =
Fa(qi(a),...,qn(a)); now we should require that ¢;(0) = --- = ¢,(0) = 0. Then
pe(0) = o for all e € M.
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Denote by I the set of all elements u = > e;a; € H such that a; = o for at least
one i. Clearly, I is an ideal of H(+). Define a binary relation R/ on H as follows:
(u,v) € R. if and only if either (u,v) € R’ or there are elements u',v’ € I with
(u,u’y € R and (v,v') € R'. Clearly, R’ is a congruence of the a-semimodule H.
It is easy to see that if u € ING, then ¢(D(m,u)) = o for all m > d(u). Using this
observation together with 5.1(6), one can prove that if a € A — {0} and (a,u) € R/,
then u ¢ I. Consequently, if a,b are two elements of A such that (a,b) € R, then
a = b. So, an isomorphic copy of H/R. is a desired a-semimodule.

If & extends « and (%) is satisfied, the G-semimodule can be similarly constructed
as an isomorphic copy of H /@’ , where Q) is the congruence defined by (u,v) € Q)
if and only if either (u,v) € Q" or (u,u’), (v,v") € Q' for some u’, v’ belonging to

the ideal of the elements of H containing o. [

6. PARAMEDIAL GROUPOIDS

In this section let n = 2. Let us denote by V the variety of paramedial groupoids
and by E their equational theory. Put a = Cpg, so that « is the congruence of the
free monoid M generated by (FyFi, FyF5), and & is the congruence of the free
group M generated by (FyFy, F,Fy). Tt is easy to see that « is a length preserving
congruence of M and & extends «.

Fore = F;'...Fj* € M put |e| = 1 + --- + ). It is not difficult to see that
(e, f) € & if and only if |e|] = |f| and both e and f can be reduced, by deleting
all occurrences of F;'F;? for any i € {1,2} and €1,e2 € {1,—1} (in any order),
to two words of the form F;' ... F;* that can differ in the ¢’s only. Based on this
characterization of &, one can prove easily that all the conditions of Theorem 5.5

are satisfied. We obtain

6.1. Theorem. Fuvery paramedial groupoid without irreducible elements belongs to
the essential core of the variety of paramedial groupoids. For a paramedial groupoid
A without irreducible elements there exist a commutative semigroup S(+) and two
automorphisms f,g of S(+) such that ff = gg, A C S, ab = f(a) + g(b) for all

a,be A, andu+o=wu for all u € S if o is a zero element of A. [

A groupoid A is called zeropotent if it contains a zero element o and aa = o for

all @ € A.
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6.2. Corollary. For every zeropotent paramedial groupoid A without irreducible
elements, with zero element o, there exist a commutative semigroup S(+) and two
automorphisms f,g of S(+) such that ff = gg, A C S, ab = f(a) + g(b) for all
a,be A, and u+o0=o0= f(u)+ g(u) for allu e S.

Proof. Let S, f,g be as in 6.1. Denote by S’ the set of the elements u € S such
that f(u) + g(u) = 0. We have A C S, since A is zeropotent. The subset S’ is
a subsemigroup of S(+), since if u and v are two elements of S’, then f(u + v) +
glu+v) = f(u)+ f(v) +g(u) +g(v) = o+0 = 0. Also, the subset is closed under f:
if u € S, then ff(u)+ gf(u) =ggu+ gf(u) = g(gu + fu) = g(o) = o. Similarly,
S’ is closed under g. [

REFERENCES

1. R.El Bashir, J. Jezek and T. Kepka, Simple zeropotent paramedial groupoids are balanced (to
appear).

2. J.R. Cho, J. Jezek and T. Kepka, Simple paramedial groupoids (to appear).

3. J.R. Cho and T. Kepka, Finite simple zeropotent paramedial groupoids.

4. J. Jezek and T. Kepka, Medial groupoids, Rozpravy CSAV, Rada mat. a pifr. véd 93/2 (1983),
93pp.

5. J. Jezek and T. Kepka, Equational theories of medial groupoids, Algebra Universalis 17 (1983),
174-190.

6. J. Jezek and T. Kepka, The equational theory of paramedial cancellation groupoids, to appear.

7. R. McKenzie, G. McNulty and W. Taylor, Algebras, Lattices, Varieties, Volume I, Wadsworth
& Brooks/Cole, Monterey, CA, 1987.

8. G. Polldk and A. Szendrei, Independent basis for the identities of entropic groupoids, Com-

mentationes Math. Univ. Carolinae 22 (1981), 71-85.

CHARLES UNIVERSITY, SOKOLOVSKA 83, 186 00 PrAHA 8, CZECH REPUBLIC



