MEMBERSHIP PROBLEMS FOR FINITE ENTROPIC
GROUPOIDS
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ABSTRACT. Some abstract here.

1. INTRODUCTION

By a medial groupoid we mean a groupoid satisfying the equation (zy)(uv) &
(zu)(yv). Entropic groupoids are homomorphic images of medial cancellation
groupoids. The class of entropic groupoids is a variety. This variety has been
introduced in [2]; the paper (some parts can be also found in [3],[4] and [5])
contains several equivalent definitions. The variety is not finitely based.

In [1], the following problem has been raised: Does there exist an algorithm,
deciding for any finite groupoid whether it is entropic? In this paper we are
going to present such an algorithm. On the other hand, we will show that there
is no algorithm deciding for any finite partial groupoid whether it satisfies all
the equations of entropic groupoids.

The algorithm that we are going to present is based on Theorem 2. It works
as follows: Given a groupoid with N elements, check if it satisfies all the basic
entropic equations of depth up to 5N, If it does, the groupoid is entropic
according to the theorem; if it does not, then of course it is not entropic. This
algorithm is of no practical value: even for N = 2, the number of equations to
be considered is too big. For N = 2, however, one can do much better: it is easy
to see that a two-element groupoid is entropic if and only if it is medial, and
this is easy to check. The following problem remains open: Can the membership
problem for finite entropic groupoids be decided by an algorithm working in
a reasonable time for groupoids with, say, at most 26 elements? Is there an
algorithm, working in polynomial time?

For the terminology and basic notions of equational logic, helpful for under-
standing the following text, the reader is referred to [7].

In order to be able to describe the equational theory of entropic groupoids, we
need to introduce the following notation. Given a term ¢ (we mean a term in the
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similarity type containing just one binary operation symbol, for multiplication)
and an occurrence o of a variable x in ¢, the weight of o (in t) is the ordered pair
(a,b), where a is the number of southwest turns and b is the number of southeast
turns in the path connecting the top of the term’s tree with the occurrence o;
the sum a + b is called the depth of o. For example, the weight of the (single)
occurrence of z in (z(yz))(xy) is (1,2), and the depth is 3. Now, an equation
t ~ u belongs to the equational theory of entropic groupoids if and only if for any
variable z and any ordered pair (w,ws) of nonnegative integers, the number of
occurrences of x of weight (wy,ws) in ¢ is the same as the number of occurrences
of x of weight (wy,ws) in u (see [3]). For example, the medial law, and also the
equation (z(yz))((uwv)w) =~ (z(yv))((uz)w) belong to the equational theory.

The paper [8] contains a construction of an infinite independent base for the
equations of entropic groupoids. In this paper we will need the following conse-
quence (which is, however, also easy to prove without relying on [8]).

By a slim term we mean a term ¢ such that whenever uv is a subterm of ¢,
then either u or v is a variable. By a linear term we mean a term containing
no variable more than once. Let ¢,u be two slim terms such that the term tu is
linear; let x be a variable in £ and y be a variable in u, such that the weights
of x and y in tu are the same, and there is no variable in tu of greater depth.
Denote by t’ the term obtained from ¢ by replacing x with y, and by «’ the term
obtained from u by replacing y with . Equations tu ~ t'u/, obtained in this
way, will be called basic entropic equations.

Lemma 1. The set of basic entropic equations is a base for the equational theory
of entropic groupoids. 0

By the depth of a term ¢t we mean the maximum of the depths of occurrences
of variables in ¢, and by the depth of an equation ¢ ~ © we mean the maximum
of the depths of ¢ and u. The aim of the next section is to prove the following
theorem, yielding the decidability of the membership problem for finite entropic
groupoids.

Theorem 2. Let G be a finite groupoid with N elements (N > 2). Then G is
entropic if and only if it satisfies all the basic entropic equations of depth at most
5N18,

2. PROOF OF THEOREM 2: SHIFTING AROUND

Let G be a finite groupoid with NV elements (N > 2). Let us fix two symbols
a and S (they can be thought of as symbols for the southwest and the southeast
direction in trees of terms, respectively). For any positive integer n denote by
E, the set of finite sequences e = (e1,ay,...,€,-1,a,_1,€,), where ¢; € {a, 5}
and a; € G. The elements of FE,, will be called paths (of length n).
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Fora € G, e = (e1,a1,...,e,) € E, and i € {0,...,n — 1} define an element
(a*e); of G as follows: (a xe)y = a; if ¢, = a, then (a xe); = (a *xe);_1a;; if
e; = (3, then (axe); = a;(a*e);_.

Forie {0,...,nyput we(i)=|{j:1<j<i,es=a}|,wl(i)=]{j:1<j<
i, e; = B} and w.(i) = (w*(i), w?(i)). The ordered pair w, (i) will be called the
e-weight of i (it would be also possible to call it the weight of the i-th position
in the path e, with respect to the paths’s bottom). The e-weight of n will be
called the weight of the path e.

Let (a,b) € G* be fixed. Also, for most of the time, the positive integer n will
be fixed.

For e € E,, we define a mapping k. of {0,...,n—1} by k.(i) = ((axe);, (bxe);).

Two paths e = (eg, a1, ...,e,) and f = (fo,b1,. .., fn) of the same length n are
said to be similar if e, = f,,, kc(n — 1) = ky(n — 1) and there is a permutation
7 of {0,...,n — 1} such that f; = ey and b; = axq) foralli =1,...,n — 1.

For 0 <i < j <nputli,j] ={,i+1,...,5}. These sets will be called
segments. The number j—i is called the length of [i, j|. (By definition, the length
is always positive.) Two segments [i, j| and [k, (] are said to be nonoverlapping
if either 7 < k or [ <. By the total length of a set S of pairwise nonoverlapping
segments we mean the sum of the lengths of all segments in S. A segment [, j] is
called reqular if j < n. For a regular segment [i, j], the two ordered pairs, . (7)
and k.(j), will be called the lower and the upper e-value of [i, j], respectively;
if they are the same, we say that the segment is e-valued and we call k(i) the
e-value of [i,j]. A segment is called e-correct if it is e-valued and of length at
most N? (in particular, it must be regular). Since the range of k has at most
N? elements, it is easy to see that for a given e, every regular segment of length
at least N? contains at least one e-correct subsegment. A regular segment [, j]
is called e-correctly glued if there is a sequence i = py < p; < -+ < p, = j such
that [pg_1, px] is e-correct for any k = 1,...,r. Of course, every e-correctly glued
segment is e-valued.

By an e-assembly we will mean a set of pairwise disjoint, e-correctly glued
segments with pairwise different e-values. (Clearly, an e-assembly contains at
most N? sets.) By a gap in C' we mean any regular segment [i, j| such that 7 is
either 0 or the last element of a segment in (', j is either n—1 or the first element
of a segment in C, and there is no segment in C' contained in [7, j|. Clearly, there
are at most N2 4+ 1 gaps in C, and the sum of the lengths of all gaps and of all
segments in C' gives n — 1 precisely. By a mazimal e-assembly we will mean an
e-assembly C' such that for any path e’ similar to e, any ¢/-assembly has total
length less or equal to the total length of C'.

Lemma 3. Let e € E,, and C be a mazximal e-assembly. Then the total length
of C is at least n — N*.
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Proof. Suppose, on the contrary, that the total length of C is smaller than n—N*.
This is the same as to say that the sum of the lengths of the gaps in C' is at
least N4. There are at most N2+ 1 gaps. If each of them were of length at most
N2 —1, then the sum of their lengths would be at most (N?+1)(N?—1) = N*—1,
a contradiction. So, there is at least one gap of length at least N2. But then,
there is an e-correct segment [u, v] contained in that gap.

Suppose there is no segment in C' having the same e-value as [u,v]. Then
C' U {[u,v]} is an e-assembly of greater total length compared to that of C, a
contradiction.

So, there is precisely one segment [k, h] € C' with the same e-value as [u, v].
We have either v < k or h < u. Let us consider the first case.

Where e = (e, ay,...,¢e,), let

/
€ = (€1,a1, ., Cuy Quy ity Qyity - -+ ks Ay Eut 1y Gty -+ Ery Quyy €l 1y Aty - - - )

Let C’ be the set obtained from C' by replacing [k, h| with [k — (v — u), h] and
any segment [i, j| € C, contained in [v, k|, with [i — (v —u),7 — (v —u)]. It is
easy to see that €’ is similar to e and C’ is an €’-assembly with total length larger
than the total length of C', a contradiction.

In the second case, if h < wu, the segment [u,v]| could be shifted to hang at
the position h and joined to [k, h] in a similar way, yielding a contradiction as
well. O

Lemma 4. For every path e € E, there exists a path € similar to e such that
there is a set S of pairwise nonoverlapping, €' -correct segments of total length at
least n — N*.

Proof. 1t is an immediate consequence of Lemma 3. U

3. PROOF OF THEOREM 2 CONTINUED: SLOPES

Throughout this section let a pair (a,b) € G* and a path e € E,, be fixed.
We will assume that there exists a set S of pairwise nonoverlapping, e-correct
segments of total length at least n — N4, and we will keep S fixed.

Lemma 5. Let m be a positive integer and let (i, ), (k,1) be two pairs of non-
negative integers such that 0 <i+7 <m, 0 < k+1<m and % # kiﬂ Then
5~ = e

Proof. We have |- — kiH| = |GG for an integer c. Since the fraction is

nonzero, we have |c| > 1 and hence |m| > 1 O



MEMBERSHIP PROBLEMS FOR FINITE ENTROPIC GROUPOIDS 5

For each segment [i, j] put A.[¢,j] = w This is a rational number
between 0 and 1; it will be called the e-slope (or just slope, if e is clear from

context) of [i, j]. Since
. wg(g) — w(e
Aeli, j] = ol a<> 5() B/’

we(j) — we (i) +we (j) — we (i)
it follows from Lemma 5 that if A; and A\, are two different slopes of two segments
of length at most N2, then |\, — \o| >

Put Ac = A0, n] = %(")
A rational number r will be called large (with respect to e) if r > A, +

it will be called small if r < A, — 5375 and middle if [r — Ac| < 537

1

N%-

1 .
IN4>

Lemma 6. There is at most one middle rational number r with the property
that there is a segment of length at most N? with e-slope equal to .

Proof. 1t follows from Lemma 5 and the definitions. O

If it exists, the unique middle rational number from Lemma 6 will be denoted
by AL. If it does not exist, we put AL=A..

The set S is the disjoint union S_; U Sy U S, where S_1, Sy and S; denote
the set of the segments in S with small, middle and large slopes, respectively.

For k € {—1,0,1} put dj, = 32}, jjcs, (Aeli, 7] — Ae) (5 — ).

Lemma 7. We have
(1) |d_y+do+dy| < N,
( —|SLN? <d_y < 5

2) IN4
(3) |do| < £,
(4)

Bl <d, < |S)|N2
Proof. For each i = 0,...,n put d.(i) = w¥(i) — iA.. (This rational number
could be called the distance of the i-th position on the branch e from the line
connecting the top of e with its bottom.) Clearly, §.(0) = d.(n) = 0.

It is easy to check that for any segment [i, j| we have 6.(j) — 0.(7) = (Ae[i, 7] —
A.)(j — 7). Denote by S the set of all the segments of length 2 that are not
contained in any segment from S, so that the total length of SU .S’ is precisely n
and the total length of S’ is at most N*. We have

0=0.(n) =000 = Y (6cli) —0.(0) = D> (Aelig] — Ae)(G — )
[i,j]esus’ [i,7]€SUS’

=d_y+do+di+ Y (Afi— 1))

[i—1,5]€S’
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The last sum is in absolute value at most N*, so |d_; + dy + d;| < N*. We have
proved (1).

In order to prove (2), (3) and ( ), observe that 1
A < in the case (3), while < |Aelis 7] — A

<j—i< N%and |\[i, 5] —
3T e < 1lin cases (2) and (4). O
Lemma 8. Ifn > 5N'®, then at least one of the following two cases takes place:

either |So| > 2N or both |S_1| > N and |S;| > N'°.

Proof Let |Sy| < 2N'0. Since the total length of S is at least n— N* > 5N18 — N4
and each segment in S is of length at most N2, we have |S_1| + |So| + |Si| =

S| > BNoNT — 5N — N2, Hence [S_1| +[Si| > 5N — N2 — 2N'°. Then at
5N16_N2_2N10
)

elements.

By symmetry, it is sufficient to consider the case |S_;| > w This

number is larger than N', so it remains to prove that also S; has at least

least one of the two sets, either S_; or 57, has more than

N1 elements. By Lemma 7, |d_;| > W, so that dy > |d_i| — |do| —
N* > 5N16_4J]\<;4_2N10 — 2N10 — N* We can again apply Lemma 7 to see that
151 > & > W — N® — N2, However, it is easy to check that this
number is larger than N1, 0

Lemma 9. If n > 5N'8, then there are two disjoint sets Py, Py of pairwise
nonoverlapping, e-correct segments and two ordered pairs (p1,q1), (P2, q2) of non-
negative integers such that |Py| > NS, |Py| > NS, (w(5)—w2(i), w2 (5)—w2(i)) =
(p1,q1) for all [i,5] € P, (wg(j) — we(i),wl(j) — wl(i)) = (p2,q2) for all
i, 7] € Py, L P

+q1 — € — patqg2”’

Proof. Tt follows easily from Lemma 8, since any set of N'* segments of length at
most N? contains necessarily a subset of N® segments [4, j] with identical pairs
(w2 () — w(i), w?(j) — w2(i)). (These are ordered pairs (r,s) of nonnegative
integers with 0 < r + s < N2, and one can easily see that the number of such

ordered pairs is at most N%.) 0

4. PROOF OF THEOREM 2 COMPLETED

Lemma 10. The following two conditions are equivalent for a given quadruple
of ordered pairs (¢4, dz) 7& (O ()) (i =1,2,3,4) of nonnegative integers such that

< .
c1+di — 62+d2 and 63+d3 — C4+d4

(1)  there exists a quadruple (ny,ng,n3,ny) # (0,0,0,0) of nonnegative in-
tegers such that nyci+nscy = nzcs+nycs and nid;+nods = nyds+nydy;

(2)  there is a rational number r such that <r < 2 and 2 <
< _a co+da c3+ds
r

— catds”

c1
c1+d1
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If (2) is satisfied, then the integers ny, na, 3, ny can be always selected to be less
or equal m?, where m is the maximum of the numbers ¢; and d;.

Proof. 1f (1) is satisfied, we can put
n1C1 + NaCo N3Cs + N4Cy

niciy + NoCo + n1d1 + n2d2 N3C3 + NyCy + n3d3 + n4d4 '
Let (2) be satisfied. If ¢;dy = c4d;, we can take either (¢4, 0,0, ¢1) or (dy, 0,0, d;)
for (ny1, na, 3, ny); at least one of the two quadruples is different from (0, 0,0, 0).
Similarly, if cods = c3ds, we can take either (0, c3,co,0) or (0,ds3,ds,0). If ¢; =
cy = c3 = ¢4, we can take (nq,n9,n3,ng) = (ds,dy,dy,dy). In all other cases
we can take ny = C4<02d3 — ngg), Ng = Cg(C4d1 — Cld4), nsy = CQ(C4d1 — Cld4)7
ny = c1(cads — c3dy); it follows from (2) that these numbers are nonnegative. [J

In order to prove Theorem 2, it is obviously sufficient to show that for any
positive integer n, any (a,b) € G* and any e, f € E, with the same weights and
such that e,, = a and f,, = f3,

(axe)y1(b* flu1=(bxe)p_1(ax f)n_1.

Suppose that this is not true and let n be the least positive integer for which
there exist (a,b) € G? and e, f € E, giving a contradiction. According to the
assumption, n > 5N18.

By Lemma 4, there exist paths ¢’ and f’ similar to e and f respectively, such
that there are a set S of pairwise nonoverlapping, €¢’-correct segments and a set
T of pairwise nonoverlapping, f’-correct segments, both S and T of total length
at least n — N4,

We have e, = €/, = a and f, = f, = (. Since w.(n) = ws(n) = we(n) =
wp(n), we have A, = Ay = Ay = Ay, the four sets of middle rational numbers
are the same for all these four paths, and also Ay = A} = A, = A% let us
denote this number by A.

Now Lemma 9, applied to the path €', produces two sets Py, P, of cardinalities
at least N and two ordered pairs (py,q1), (P2, ¢2); and applied to f’; it similarly
produces two sets P3, Py and two ordered pairs (ps,qs), (p4,q4). We have 0 <
pi +q < N? (i = 1,2,3,4) and we have both S <A< P and P <
A< pﬁf%. It follows by Lemma 10 that there is a quadruple (nq,ns,ns,ny) #
(0,0,0,0) of nonnegative integers such that nip; + nops = nzps + naps, n1qr +
Noqa = n3qz + naqq and n; < N® (i = 1,2,3,4). Take n; segments [r;, s;] in Py
(1=1,...,n1) and ny segments [r;, s;] in Py (i =ny +1,...,n1 +ny) and denote
by €” the path obtained from e’ by deleting all the members with indexes in
one of the sets {r;11,...,s;} (i =1,...,n1 + ng). This new path is of a length
m < n, and its weight is w.(n) — (n1p1 + nap2, n1q1 + nagz). We can similarly
obtain a path f” from f’; its weight is wg(n) — (nsps + naps, n3gs + n4qs), and
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we see that €’ and f” are of the same weight. (In particular, f” is of the
same length m < n as €¢”.) By the minimality of n, (a * €”)p_1(b* f")m_1 =
(bx€")m_1(a* f")m_1. Since all the segments that have been ‘squeezed to one
point’ during this process were correct (with respect to the appropriate paths),
we have (axe), 1 = (axe),_1 = (a*xe”)p_1, (bxe)y_1 = (bx€')1 = (bx€")pm_1,
(@ fln1 = (ax f)a1 = (ax f")m-r and (bx fln1 = (b f)u-1 = (b f")m-1.
It follows that (a*x€),_1(b* f)u_1 = (bxe)p_1(a* f)n_1.
This completes the proof of Theorem 2.
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