ONE-ELEMENT EXTENSIONS IN THE VARIETY
GENERATED BY TOURNAMENTS

J. JEZEK

ABSTRACT. We investigate congruences in one-element extensions of al-
gebras in the variety generated by tournaments.

0. INTRODUCTION

Recently M. Maroti proved that every subdirectly irreducible algebra in
the variety 7 generated by tournaments is a tournament; equivalently, the
variety generated by tournaments coincides with the quasivariety generated
by tournaments. This has been a conjecture formulated in the paper [3];
in that paper and in [1] we have proved some particular cases. In [3] we
have also formulated a stronger conjecture, which remains open: A groupoid
belongs to the variety 7 if and only if it satisfies the three-variable equations
of tournaments and avoids the algebras J3 and M,, (n > 3; these algebras
are defined below). This has been verified for all groupoids with at most ten
elements.

The aim of this paper is to investigate one-element extensions in the
variety 7. Let A and B be two groupoids such that B € 7 and B is
an extension of A by an element e. Denote by V the set of the elements
a € A such that a — e in B. The main result of this paper states that the
congruence of B generated by all pairs of incomparable elements from V has
all nontrivial blocks contained in V. Since there is a hope that this could
be useful for the solution of the stronger conjecture, we will formulate and
prove this result in terms of algebras satisfying the three-variable equations
of tournaments and avoiding J3 and M,,. (See Theorem 2.12.)

For the terminology and notation see [4] and [2].

We denote by T the class of tournaments, and by 7 the variety generated
by T. For any n > 1, let 7, denote the variety generated by all n-element
tournaments, and let 7™ denote the variety determined by the at most n-
variable equations of tournaments. So, 7T, C 7,41 C T C T C T for
all n.
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For a variety V and a positive integer n, we denote by F, (V) the free
algebra in V' on n generators. According to Theorem 3 of [3], F,,(T) =
Fn(Tn) = Fn(TT).

According to [3], the following four equations are a base for the equational
theory of 73:

(el) zz = =z,

(€2) zy = yz,

(€3) oy @ = 7y,

(e4) (wy - xz)(zy - yz) = xyz
and the following are consequences of these four equations:

(€b) (xy-zz)r =2y - 22,

(€6) (zy - w2) - yz = wyzy,

(e7) zyzy = xzyz,

(€8) (yzz)(zy - x2) = 2y - 22,

(€9) zzyrz = xy=.

According to Lemma 5 of [3], for any three elements a,b, ¢ of an algebra
A € T3 we have:

(pl) If ab — ¢, then a, b, ¢ generate a semilattice.
) If ab — ¢ — a, then be = ab.

3) If a = ¢ — ab, then ¢ — b.

p4) If a — c and b — ¢, then ab — c.

5) If @ — ¢ — b and a,b, c,ab are four distinct elements, then the sub-
groupoid generated by a, b, ¢ either contains just these four elements
and ¢ — ab, or else it contains precisely five elements a, b, ¢, ab, ab - c
and a = ab-c—b.

Our proof in [2] of the fact that the variety 7 is not finitely based relied
on an infinite sequence M,, (n > 3) of algebras with the following properties:
M, is subdirectly irreducible, |[M,| = n + 2 and M,, € 7" — 7. These
algebras are defined as follows. M,, = {a,c,¢,d1,...,dy—2,¢e};

ab = e,

e—a—c,
e—>b—c,

e — ¢,

a—>dy —dy— - —dyp_2—0,
di = cfori<n—2,
c— dp_o,

d; — e for all 4,

d; — a fori>1,

d; — b for all 1,

dj — d; for j > 1+ 1.
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We will also need the five-element subdirectly irreducible algebra J3 € T3,
introduced in [3] and defined on {a,b,c,d,e} bya —-d —b—c—a,c—e,
d — ¢, d — e and ab = e. The algebras M3, M, and J3 are pictured
in Fig. 1. (The monolith of M,, identifies ab with b; the monolith of J3
identifies ab with b with c.)

Fig. 1

Two elements a, b of an algebra A € T3 are said to be comparable if either
a — borb— a; we write a { b in that case. If a,b are incomparable, we
write al|b.

We say that an algebra A avoids an algebra B if A contains no subalgebra
isomorphic to B. We denote by 7* the class of the algebras belonging to
T3 and avoiding the algebras J3 and M, for all n > 3.

1. ONE-ELEMENT EXTENSIONS

Throughout this paper let A be an algebra belonging to 7*; let A =UUV
be a partition of A into two disjoint subgroupoids such that u € U, v € V
and ul|lv imply uv € U; let e be an element not belonging to A; define
an algebra B with the underlying set A U {e} in such a way that A is a
subgroupoid and v — e — u for all w € U and v € V. Then, as it is easy
to see, B belongs to 73. We will assume that B avoids J3 and M,, for all
n > 3, so that B € T*.

1.1. Proposition. The following are true:

(1) There are no elementsu € U, v € V and a € A withu|lv, u - a —v
and a — uv.

(2) There are no elements uw € U and v,w € V with u||lv, u — w and
v — w.

(3) There are no elementsu € U and vy,vy € V with v1||va, v1 — u — vo
and u — v1v7.



4 J. JEZEK

Proof. Suppose there are such elements.

(1) Since u -+ a —- v — e = u, a — uv, e — uv and a J e, these five
elements constitute a subalgebra isomorphic to J3 (no matter whether a — e
ore— a).

(2) The elements v — e — u with wv and w constitute a subalgebra
isomorphic to Ms3.

(3) The elements v1 — u — vy with vjvy and e constitute a subalgebra
isomorphic to Mj3.

We get a contradiction in each case. ([

1.2. Proposition. Let uw € U, v € V, ul|v. Then there is no element a € A
with u — a — v.

Proof. Suppose there is. Put @’ = uva. By (p5) we have u — o’ — v. Since
a’ — uv, we get a contradiction with 1.1(1). O

1.3. Proposition. Letuw € U, v € V, ul|v. Then there is no element w € V
with v — w.

Proof. Suppose there is. By 1.1(2), v 4 w. By 1.2, w /4 v. Hence v||w.
If vw||u, we get a contradiction with 1.1(2), since v — w and vw — w. If
u — vw, we get a contradiction with 1.2, since u — vw — v. Hence vw — w.
Then also vw — uwv. We have uwvw = vuw = vwuvw = vwvw = vw. Clearly,
vw # wv and vw # w. Hence wv||w. But then uvw € U, a contradiction
with wow =ovw € V. O

For vi,ve € V we write v; = vy if for every u € U, one of the following
three cases takes place:
(1) u— vy and u — vy;
(2) v1 = u and vy — u;
(3) ullvy, ullve and uvy = uwve.
Clearly, = is an equivalence on V.

1.4. Proposition. Let vi,v9 € V, vi||va. Then vy = vy = v1va.

Proof. Let u e U.

Let u — v1. By 1.3, u is comparable with both v9 and vive. If vo — wu,
then uw — v1v2 by (p5) and we get a contradiction by 1.1(3). Hence u — vy,
and then u — v1vs.

Now let u — vive. By 1.3, u is comparable with both v; and vs. We
cannot have vy — u and vo — u at the same time, since then vivy — w.
Hence either v — v or uw — v9. But then we have both © — v; and u — v
by the first part of the proof.

This proves that for any u € U, u — vy iff u — vg iff u — vyvs.

Let u||lvy. Then uvy — vy implies uv; — vy and uvy — vive. We have
V1V2U = V1UVaVIU = Viuviu = viu. Hence u||vive. We cannot have u — vs.
If vy — u, then vivy — vo — uw and wv; — vy contradict (p5). Hence ul|vs.
Similarly as for vi, we get vivou = vou.

The rest is clear. O
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1.5. Proposition. Let uj,us € U and v € V' be such that uy||ug and u; —
v — u. Then v — ujug and there is no w € V. with ug — w — uq.

Proof. If v||ujug, then ujus — w3 — v contradicts 1.2. By (p5) we get
v — ujug. Suppose there is an element w € V with us — w — wy. Then
w — wujug, and v § w by 1.4. But then the elements wuj, ug, v, w,ujus
constitute a subalgebra isomorphic to Js, a contradiction. O

1.6. Proposition. Let u € U and vi,vy € V be such that ul|vy and ul|vs.
Then uvy = uvy.

Proof. Suppose uvy # uvy. By 1.4, v; T va. Without loss of generality, we
can assume that vy — ve. By 1.3, uvy { vo. If uv; — ve then wwvgvy =
uvivouvy = wvy, so that uwvy||vy, a contradiction by 1.3. Hence vy — wuw.
From wvov) = vauv; = vovjuvouy = vy we get v1 — uve. If wvy||luvy, we
get a contradiction by the second part of 1.5. Hence uv; J uve. But then,
by (p5), both wv; — uwvy and wve — uwy, a contradiction. O

1.7. Proposition. Let u € U, v € V, ul|lv. Then for every w € V either
uw = uv or else w — u and w — uv.

Proof. By 1.3 we cannot have u — w. If u||w, then vw = uv by 1.6. It
remains to consider the case w — u. By 1.4, v J w. If w — v, then clearly
w — wv. Finally, let v — w. By 1.3 we have uv { w, and hence w — uv

by (p5). O

2. INCOMPARABILITIES IN V

By a basic pair we will mean a pair a, b of elements of V such that either
al|lb or b = ad for some d € V with d||a or a = bd for some d € V with
d||b. In this section we assume that there exists a basic pair a,b and a
sequence ci, ..., c, of elements of V such that acy...c, #Z bey...c,. Then
let us consider one such sequence a,b,cq,...,c, minimal in the sense that
n is as small as possible and, among all such sequences of the same length,
the number Y = [{i : ac1...ci—1||ci}| + {7 : ber ... ciz1]|ei}] is as small as
possible. By 1.4, we have n > 1.

Two elements v,v’ of V are said to be connected through basic pairs if
there exists a finite sequence vy, ..., v; of elements of V' such that vy = v,
v = v and for each j =1,...,k, vj_1,v; is a basic pair.

2.1. Proposition. Let i € {1,...,n}. Then acy...c; # bey...c; and the
elements acy ...c; and bey ... c; are not connected through basic pairs.

Proof. Suppose the elements are connected through vg,...,v;. For each
Jj=1,...,k we have vj_1¢i41...¢p = VjCiy1 ...Cy by the minimality of n.
Hence, by the transitivity of =, ac;...c, =bcy ...cy, a contradiction. [

2.2. Proposition. ¢; J a and ¢;  b.
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Proof. It is easy to see that if either c;||a or ¢1||b, then (in every one of
a small number of possible cases) ac; and bc; are connected through basic
pairs, a contradiction with 2.1. O

2.3. Proposition. If b = ad for some d||a, then a — ¢; — b and ¢; — d.

Proof. Suppose ¢; — a. Due to 2.1 and 2.2, b — ¢;. But then c1d = b
and c1,b is a basic pair, a contradiction. Hence a — ¢;. Then ¢y — b and,
by (p3), ¢1 — d. O

2.4. Proposition. If al|lb then either a — ¢; — b and ¢; — ab, or else
b—c1 — a and c; — ab.

Proof. Clearly, either ¢ — ¢; — b or b — ¢; — a. By symmetry, it is
sufficient to consider the first case. Then ac; = a and be; = ¢;. If ¢1||ab,
then a,ab and ab,c; are basic pairs, a contradiction. Hence ¢;  ab and
c1 — ab by (p5). O

It follows from these lemmas that without loss of generality, we can assume
that a||b, a — ¢1 — b and ¢; — ab. So, we will go on under this assumption.
We will assume that we have already proved for some index ¢ the following:
a—cp—--—¢ —+bcj—bforallj <i,c;—aforall2 <j<i, ¢ — ¢
for1<j<j+2<k<i,¢cj—abforalj<i,anda=ci=---=c¢;i_1 =b.
(This has been proved for i = 1.)

Put ¢g = a. Clearly, {aci...cj,ber...¢j} = {cj1,¢;} for 1 < j <.

2.5. Proposition. ¢; = a. Consequently, n > i.

Proof. Let u € U. Let a — u, so that also b — u, ab — u and ¢; — u for
J < i. Suppose u — ¢;. Then all these elements constitute a subalgebra
isomorphic to M;9, a contradiction. So, a — u implies that either ¢; — u
or ul|¢;.

Let ¢; — w. Suppose u — a. Then all these elements together with e
(with respect to a — ¢; — -+ — ¢ — u — b) constitute a subalgebra
isomorphic to M;3, a contradiction. So, ¢; — w implies that either a — u
or al|u.

If w — ¢; then by 1.3 we cannot have al|u, so we get @ — u. If u — a then
we cannot have ul|c;, so we get u — ¢;. So, u — a if and only if u — ¢;.

Let ul|c;. Then ue; € U and ue; — ¢;. Hence uc; — a. By 1.7 we get
ua = uc;. Quite similarly, if u||a then uc; = ua. The rest is clear. (]

2.6. Proposition. ¢ ;1 { ¢;.

Proof. Suppose c¢;t1||c;. If also ¢;y1||ci—1 then ¢;—1¢i41, cicit1 can be con-
nected through basic pairs, a contradiction. If ¢;41 — ¢;—1 then ¢;_1¢i41,
c;ci11 is a basic pair, a contradiction. Hence ¢;—1 — ¢;41 and thus ¢;_1 —
cicir1. We have {¢;—1¢i1+1,cicit1} = {¢i—1,cici+1}. But then ¢;11 can be
replaced with c¢;c;11, a contradiction with the minimality of Y. O

2.7. Proposition. ¢;11 J ¢i—1.
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Proof. Suppose c¢iy1||ci—1. If ¢ip1 — ¢ then c¢j_1¢iy1,¢icip1 is a basic
pair, a contradiction. If ¢; — ¢;11 then {c;—1¢iy1,cicit1} = {ci—1cit1, ¢}y
Ci—1Ci+1 J ¢y, ¢; = ¢i—1¢i+1 and ¢;41 can be replaced with ¢;,¢; 41, a contra-
diction with the minimality of Y. (|

2.8. Proposition. ¢; = ¢jy1 — ¢i—1.

Proof. Suppose, on the contrary, that ¢;_1 — ¢;+1 — ¢;, so that {¢;—1¢i41,
Cici+1} = {Ci,1,61'+1}. Of course, © > 1.

Supppose there is an index j with 1 < j <i—1and ¢; /4 c;41, and let j be
the largest index with that property. If ¢;||c;4+1, then this is a basic pair and
{¢jcjt1, civicir1} = {c¢j,¢j+1}, a contradiction with the minimality of n.
Hence c;41 — ¢;. By the minimality of n, cjciy1...¢n = ¢jp1Cit1 ... Cp,
ie., Cit1...Cp = Cjy1Cit2...Cp. But also cjpici12... ¢y = Cjyacipa...cpn =

- = ¢j—1Ci42 ... ¢y and hence ¢;_1¢i42...cp = Ci41Cit2 - - . Cn, a contradic-
tion. We have proved that ¢; — ¢j41 forall 1 < j <i—1.

Suppose al|c;y1. Then acita...cp = ciy1¢iy2 ... cp, but also acito...cp =

C1Ci42 ... Cp = ...Ci—1Ci42 . ..Cp, 50 that ¢;_1¢i42...¢p = Ciyi1Cita... Cn,y &
contradiction.

Suppose ¢;11 — a. Then acj41¢42...¢p = C1Ci41 ... Cp, 1.€4, Cip1Cit - -
Cn = C1Ci42...Cp. But also cicj42...¢p = C2Cj42...Cn = -+ = Ci—1Ci12 - - .

Cn, SO that ¢;_1¢iqo...cn = Cit1Ci42 . . . Cpn, a contradiction.

Hence a — ¢i41.

Suppose b||c;+1. Then ¢iyic¢icita...cn = beiciya...cp, 1€, Cit1Cita ... Cp
= iCiy2...Cp. Butalsoci_1¢iya...cp = ciciya...cp and thus ¢i_1ciya ... cp
= Cj4+1Ci+2 - - - Cn, a contradiction.

Suppose ¢;11 — b. Then acjy1¢42...¢n = bCit1Civa ... cCp, i€, aciys ...
Cn = Ci4+1Cit2...Cn. But also acjya...cp = ciciy2...cp = -+ = Ci—1Ci42
...Cp, 80 that ¢;_1¢j42...cnh = Ci+1Ci42 - . . Cp, @ contradiction.

Hence b — c¢;41. Then also ab — c¢;41. But then all these elements
constitute a subalgebra isomorphic to M; 2, a contradiction. U

2.9. Proposition. ¢;11 — ¢ forall1 <j <i—1.

Proof. Suppose, on the contrary, that j is the largest index with 1 < j <

i — 1 and i1 A ¢ I ciqille; then cipiciqo...cn = cjciya...cn =
Cj+1Ci42---Cp = -+ = CiCi42...Cn, a contradiction. If ¢; — ¢;41 then
CjCi41Ci42 ... Cp = Cj4+1Ci4+1Cj42 - . . Cp, i.e., CjCi+2...Cp = Ci+1Ci42 ... Cp, but
also ¢jci12...Cp = Cjyi1Ciq2...Cp = -+ = CiCiy2 ... Cp, 50 that cicipa ... cp

ol

Ci41Cit2 - - - Cn, & contradiction.
2.10. Proposition. c¢;11 — a.

Proof. . 1If al|cit1, then a contradiction can be obtained in the same way
as in 2.9, with ¢; = ¢o. If @ — ¢;41 then aci11¢i42...¢p = c1¢i416i42 ... Cn,
i.e., acit2...Cp = Cit1Cit2...Cp, but also acjya...cn =ciCiq0...cp =+
CiCit2 - .. Cp, 80 that ¢;ciya...cp = ¢jy1Cita - . . Cn, a contradiction.

ol

2.11. Proposition. c;+1 — b and c;41 — ab.
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Proof. If ¢;41]|b then ¢;y1¢i19... ¢y = bciga...Ch = aCiyo...Cp = C1C42 - ..
Cp =+ = CiCit2. .. Cp, a contradiction. Suppose b — ¢; 1. Then c¢;1]]ab,
since otherwise c¢;+1 — ab and b — c¢;41 — a with ¢; and ab would give
a subalgebra isomorphic to Js. Hence citi1¢iq2...¢p = (ab)ciza...cn, =
aCi42...Cn = C1Ci42...Cp = *++ = CiCit2...Cyn, & contradiction. Hence
ci+1 — b and, consequently, c;11 — ab. O

The assumption taken at the beginning of this section turns out to be
contradictory, as by 2.5 we get n > ¢ for all positive integers i. As a conse-
quence, we get the following result.

2.12. Theorem. Let A, B be two algebras in T* such that B is an extension
of A by an element e, and let V = {a € A: a — e}. The congruence of B
generated by the pairs (a,b) € V2 such that a||b is contained in V? Uidg.

3. MORE RESULTS

3.1. Proposition. Let uw € U, v € V and u||lv. Then there is no a € A with
u—a— uv.

Proof. Suppose there is. We have a — v by (p3), a contradiction with 1.2.
O

3.2. Proposition. Let uj,uz € U and v € V be such that ui||lug and uy —
v — ug. Then there is no w € V with us — w.

Proof. Suppose there is. Since u; — v, by 1.3 we cannot have ui||w. By 1.5
we have v — wjus and we cannot have w — wu;. Hence u; — w. Since
v — ug — w, by 1.4 we cannot have v||w. If w — v then these elements
constitute a subalgebra isomorphic to M3, a contradiction. Hence v — w.
But then these elements together with e (with u; — v — e — ug) constitute
a subalgebra isomorphic to My, a contradiction. O

3.3. Proposition. Let w € U, v € V, u||lv. Then for any s € A, s — uv
implies s — u.

Proof. Let s — wv. Let us first consider the case s € V. If s||u then
by 1.6 we have us = uv, a contradiction with s — wv. If u — s, we get a
contradiction by 3.1. Hence s — u.

Now consider the case s € U. Again by 3.1, we cannot have u — s.
Suppose s||u. Since s — uv — v, by 1.2 we cannot have s||v. If v — s then
s — u by (p3). So, let s — v. Since us — s — v, by 1.2 we cannot have
us||v. If us — v then us — uv, a contradiction with (p5). Hence v — us.
But then v — u by (p3), a contradiction. O

3.4. Proposition. Let u € U, v € V, u||lv. Then for any s € A, u — s
implies uv — s.

Proof. Let u — s. Then s € U by 1.3. By 3.1, s 4 wv. So, suppose s||uv.
By 3.1, we cannot have u — uvs. Hence, by (p5), u|luvs and uv — wwvsu.
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By (pl) we get v|luvsu and v - uvsu = wv. But wvsu — uwvs — wuv, a
contradiction by 3.1. (|

3.5. Proposition. Let w € U, v € V, u||lv. Then there are no elements
r,s € U withu — r — s — uv.

Proof. Suppose there are. By 3.3 and 3.4, s = uw and uv — 7.

Suppose s — v. Then, by 1.2, we cannot have r|[v. Again by 1.2, we
cannot have r — v. Hence v — r. But then these elements together with e
(with respect to v — e — s — u) constitute a subalgebra isomorphic to My,
a contradiction.

Since s — uv — v, by 1.2 we cannot have s||v. It follows that v — s.

By 1.2 we cannot have r — v. If v — r then these elements, with respect
to v — s — u, constitute a subalgebra isomorphic to M3, a contradiction.
Hence v||r. We have vru = vurvu = wvuv = uwv. Consequently, the ele-
ments 7, s, u,vr, uv (with respect to vr — s — u) constitute a subalgebra
isomorphic to M3, a contradiction. ([l

3.6. Proposition. Leta,b,p € U andv € V be such that allv, b — a, p — a
and av = bv. Then bpv = pv.

Proof. Let p — v. Then p — av = bv — b, so p — b by 3.3. Hence bp = p
and bpv = pv.

Let v — p. Then bpv = pbv = pvbpv = vbpv = vapv = avpv = apvp =
pup = pu.

It remains to consider the case p|lv. Since pv — p — a, by 3.4 we have
pv — a. Hence pv — av. We have avp = apvap = pvap = pup = pv.
By three-variable equations, bpv - pv = bvpv = avpv = pvv = pv, so that
pv — bpv. We have bpvp = bupv = po.

If either bp||lv or bp — v then bpv — p, bpvp = bpv, so bpv = pv and
we are through. So, the case v — bp remains. Then v = bpv = bupbv =
avpbv = pvbv = pbub = vb, a contradiction. O

3.7. Proposition. Let u € U, v € V, u||v; let a € U. Then uv - ua = uva
and wwaw = uaw for allw € V.

Proof. Since uva — uv, we have uva — u by 3.3. Hence uv-ua = uv-ua-u =
a-U-UV-U= Q- UV U UV = UVAU - UV = UVa - uv = uva. In order to prove the
rest, it is sufficient to assume that a — u. By 1.7 we have either uw = wwv
or uvw = uw = w, SO uvw = uw in any case. Hence, by 3.6, it is sufficient
to consider the case u § w. By 1.7 we have w — u and w — wv.

If w — a then w — wva and wvaw = w = aw.

Let a - w. Then a § v. If a — v then wva = wavua = a and we are
through. So, let v — a. Then v — a — u gives v — wva by (p5). We have
uw — v — a, a — w — uv and (obviously) wv||a, a contradiction by 1.5.

It remains to consider the case a||w. Then aw — u by 3.4. Since aw — w,
by 1.3 we cannot have aw||v. If aw — v then aw — uv, hence aw — wva,
and aw — uwva — a implies uvaw = aw by (pl). So, let v — aw. We have
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wvaw = wowa(uv)w = (aw - wv)w. By the previous part of the proof (the
case a — w) we have (uv - aw)w = aww = aw. Hence uvaw = aw. O

3.8. Proposition. Let u € U, v € V, u||v; let a € U be such that a — u
and al|luv. Then there is no element b € U with a — b — wva.

Proof. Suppose there is. We have uvav = uava = av. So, if uva — v then
av = uva, a contradiction with a — b — wva by 3.1. Since uva — uv — v,
we cannot have uvallv. Hence v — uva. From uvav = av we get v — a.
By (p3), b — wv. Since b — uv — v, we cannot have b||v. Now either
b — v or v = b, and in each case the elements uv, v, a, b, uva constitute a
subalgebra isomorphic to Js, a contradiction. O

3.9. Proposition. Let uj,us € U, v,w € V, uy||ug, u1 — v — ug and
ug||lw. Then one of the following two cases takes place:

(1) ujug = ugw, v — uyuz, w1 Jw, v w;

(2) v = w = up, v — UgUu2, UV — UgW — UL, UIULW = UW.

Proof. We have u1 J w by 1.3 and v { w by 1.4. Let ujus # usw. Since
v — ug, we have v — usgw by 1.7. Since u; — v — usw — w, we have
u1 $ ugw by 3.2. If ug — ugw then u; — ug by 3.3, a contradiction. Hence
Ugw — U1. Since also usw — uo, we get ugw — ujuz. Since ugw — UjUz —
ug, by (p2) we get ujusw = ugw. If uy — w then ujus = ugw by (p2), a
contradiction. Since u; § w, we get w — uy. It remains to prove v — w.
We have v § w, and if w — v then the elements w, v, ujug, ugw, u; (with
respect to w — v — wujug) constitute a subalgebra isomorphic to M3, a
contradiction. O

3.10. Proposition. Let uj,us € U, v € V, uy||ug, ug — v — ug. Then for
every w € V one of the following cases takes place:

(1) ugllw, urug = wow, v — uguz, uy L w, v L w;

(2) ugllw, v = w — U1, V= ugU2, V = UgW —> UL, UJULW = UQW;

(3) w— u2, w — uguz, v = urug, w L uy, and if w — uy then w .

Proof. By 3.2 and 3.9, it remains to consider the case w — us. According
to 1.3 we have w { uj, and according to 1.4 if w — u; then w { v. By 1.5,
UV — ULUQ.

Suppose w||lujug. By 3.4 we have wjusw — w; and uwjugw — ug. If
u; — w then uy — w — ug implies u3 — uyusw by (p5), a contradiction.
Hence w — u;. But then w — ujue, a contradiction.

Hence w J ujug. It follows that if uy — w then w — wjuz. If w — uq,
then w — ujusg is clear. So, w — ujue in all cases. O

3.11. Proposition. Let uj,uy € U, v € V, ui||ug, vy — v — ug. Then
there is no element u € A with uo — u — ujus, and there is no element
u € A with ug — u — uq.

Proof. In each case, we would have u € U according to 3.2. By 1.5 we
have v — ujug. Suppose us — u — uguz. By (p3), u — uy. Since u —
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u; — v, by 1.2 we cannot have u||v. But then, the elements uy, u, ug, ujug, v
constitute a subalgebra isomorphic to Js, a contradiction.

Now suppose us — ©u — u1. Then us — ujusu — uqusg, which has been
proved to be impossible. O

3.12. Proposition. Let u € U, v € V, ullv and ¢; € U (i = 1,...,n) be
elements with ¢, — ¢p—1 — ...c1 —> u. Then uvey ...c,v = cpv.

Proof. The quasiequation z, — 2,1 — -+ = 21 > T = TYZ]1...2Y =
zpy is satisfied in all tournaments and is equivalent to an equation, so it is

satisfied in A. O
3.13. Proposition. Let n be the least number for which there exist elements
velU,veV,weVande €U (i=1,...,n) such that u||v, ¢;, = cp—1 —

coo =01 = u and uvey — cuw # coyw. Then
(1) v = ¢ and v — wvey ...¢; for alli > 1.
(2) w— cpo1, W= UVC] ... Cpy ANd W —> UVC . . . Cpy.
(3) It is sufficient to consider only the case ¢, — w.

Proof. By 3.7 we have n > 2. Suppose that for some i, v 4 uvcy...c;.
By 3.12, uvey...cv = ¢u. If ¢gv = ¢ then wvey...qv = ¢, so that
¢; — wvcy ...c¢; and hence wvey ...¢; = ¢;, a contradiction. Hence ¢;|v.
By the minimality of n, c,w = Ucit1...cow = UvVC] ... CUCH] - . . CRW.
Hence uvcy ... cjv # wvey ... ¢ Using uvey ... ¢ — UVCL ... Cpoq —> =+ —
uvcl ... ¢, by the minimality of n we have

uvey ... cpw = uveq ... cu(uvey ... Cip1) - .. (uvey .. ep)w
=vei(uvey ... cip1) ... (uver ... cp)w.
But this last expression equals ve¢;ciyg - . . cpyw, since the quasiequation
Zn = 21 DX = uZj...zn = yzi(Tyz1 .. Zig1) - (XYz1 - 20)
is satisfied in all tournaments and is equivalent to an equation. We get
UVCT . . . CuW = VCiCit] - - . CW = cpw, a contradiction.

Hence v — wvcy ... ¢ for all . From this we get v — ¢; by (p3).

We have c¢,—jw = wvey...cp—qw by the minimality of n. If wl||c,—;
then c,w = wvey...ch—1c,w by 3.6, a contradiction. Hence w — c¢,_1.
Consequently, w — uvcy ... Cp—1.

Suppose w 4 uvcy ... c,. Then wvey ...cpw — wvey . ..cp, — ¢ implies
UVCY . . . CLW — Cp; hence wvey ... cpw — we,. We get

UVEY . .. Cpeqwepy, = (Uvey ... Cp_qw - uvey ... Cp) (Ve - Cpo W - WEy),
i.e.,
WECp = UVCY . .. CpW - WCy = UVCT . . . Cp,
a contradiction.
Hence w — wwvey ... ¢,. Then w 4 ¢, and we_c,—1. The quasiequation
Y—>2pn > 72 7T = TYZ1...2n—1 " UZp—12n2n—1 =

TYZL -+ 2 UZp—1Zn2n—1
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is satisfied in all tournaments and is equivalent to an equation; we get
UVC] ... Cp_1 * WCy, = UVC] ...Cp - WCy. From this it follows that if ¢, is
replaced with wec,, all the above conditions are satisfied and, moreover,
Cp — W. O

3.14. Proposition. Letu e U, v € V, ullv, c¢1,c2 € U, ca — ¢1 — u. Then
uvcicow = cow for all w € V.

Proof. Suppose uvcicow # cow. By 3.13 we have v — ¢1, v — ¢2, v = uwey,
U — UvCiCo, W — €1, W — uvVCy, W — uvcicy and it is sufficient to consider
the case cg — w. Since uv — v — wweyey and (by (p5)) wveica — uw -
UVC1Co - UVC] — UV - uvcice, by 3.11 we have uv i uveLcy. Since uv — v — ¢y
and co — w, by 3.2 we have uv J co. If co — wv then co — wwvey, so
that wvcico = co, a contradiction. Hence uv — co. Then uv — uwvcics.
But CQ||UU61, so that co = w — wvep and wvey — wv — wwveics give a
contradiction by 3.11. O
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