BINARY EQUALITY LANGUAGES FOR PERIODIC MORPHISMS

ŠTĚPÁN HOLUB

Abstract. Let g and h be binary morphisms defined on A = {a, b}, and exactly one of them be periodic. It is well known that their equality language is generated by at most one non-empty word. We show that this word is up to the symmetry of the letters a and b equal to a^iba^j , with i, j ≥ 0. A word of that form is an equality word for all values of i, j.

1. Introduction

Binary equality sets are the simplest non-trivial equality languages. Nevertheless, their precise description is still not known. They were for the first time studied extensively by K. Čulík II and J. Karhumäki in [2]. The binary equality languages of two non-periodic morphisms were recently studied in [3] and [4]. There it is shown that such an equality set is generated by at most two words, and if the rank of Eq(g, h) is two, it is of the form {a^ib, ba^i}^∗.

The problem is much easier for periodic cases. If both morphisms are periodic and all images have the same primitive root then the equality language contains all words, in which the number of letters a and the number of letters b are in the ratio guaranteeing the length agreement. If just one morphism is periodic, it is easy to show that Eq(g, h) is generated by at most one non-empty word. The aim of this note is to give a precise description of such a word.

2. Preliminaries

We shall use standard notions of combinatorics on words (see e.g. [1]). From the folklore we need especially the Periodicity Lemma, and the fact that a primitive word u is not an inner factor of uu.

Let g and h be arbitrary morphisms on free monoids. Their equality language is the set

Eq(g, h) = {u | g(u) = h(u)}.

Clearly, the empty word ε is always an element of Eq(g, h), and the language is generated by its minimal elements with respect to the prefix ordering.

Further we shall suppose that two morphisms g, h : A^∗ → A^∗ are given, with A = {a, b}, and Eq(g, h) contains a non-empty word. The choice of the target alphabet does not harm generality, since any alphabet can by encoded by two letters.

By symmetry of g and h, we shall suppose that g is periodic and h is not periodic. Let p be a primitive word such that g(a) and g(b) are powers of p. Note that a word w is in Eq(g, h) if and only if |g(w)| = |h(w)| and h(w) is a power of p.

Work supported by institutional grant MSM 113200007. 1

2 ŠTĚPÁN HOLUB

It is easy to see that Eq(g, h) is generated by one non-empty word. Indeed, suppose that α and β are minimal elements of Eq(g, h). Then h(α^{|h(β)|}) = h(β^{|h(α)|}), and α = β, since h is not periodic. This implies a bit more: Lemma 1. Let h(u) be a power of p. Then u ∈ Eq(g, h).

3. Characterization In the sequel we shall omit the cases, which differ from another one just by renaming of the letters. Case 1.

Let h(b) be a power of p. Since h is not periodic, the word h(a) is not a power of p and thus any word w ∈ Eq(g, h) is a power of b. Thus Eq(g, h) = b^∗.

Case 2. Suppose now that nor h(a) neither h(b) is a power of p.

Subcase 2.1. Suppose |h(a)| ≥ |p| and |h(b)| ≥ |p|. Let w be a non-empty element of Eq(g, h). By symmetry, let a be the first letter of w. Then p is a prefix of h(a), and thus p is not a suffix of h(a). This implies that b is the last letter of w, and p is a suffix of h(b).

Clearly, the word w contains a factor ab, and thus h(ab) is a factor of p^∞. The primitivity of p now implies that h(ab) is a power of p. Therefore, by Lemma 1, Eq(g, h) = (ab)^∗.

This possibility is fulfilled, for example, by morphisms: g(a) = abab h(a) = aba g(b) = abab h(b) = babab Subcase 2.2. Suppose now |h(a)| < |p|. If Eq(g, h) contains both letters a and b, the length argument yields |h(b)| > |p|. Let s (r resp.) be a suffix (prefix resp.) of p, such that h(b) = sp^mr, with m ≥ 0.

The key idea now is that the position of h(b) within p^∞ is given uniquely up to a shift of length divisible by |p|. This follows from the primitivity of p.

Let w be the minimal element of Eq(g, h) and let ba^{m′} b, m ≥ 1, be a factor of ww. Then |h(ba^{m′} )| = n · |p|, for some n > 1. By the Periodicity Lemma, the length of h(a^{m′} ) strictly less than |p| + |h(a)|. Thus n is given uniquely, and

m^′ = n · |p| − |h(b)| |h(a)| . Suppose that ww contains a factor bb. Then rs = p, and both r and s are non-empty (otherwise we have the Case 1). This implies m^′ = 0, a contradiction.

Therefore any element of Eq(g, h) is of the form a^i(ba^{m′} )^∗ba^j , with m^′ = i + j. Hence w = a^iba^j and Eq(g, h) = (a^iba^j )^∗.

BINARY EQUALITY LANGUAGES FOR PERIODIC MORPHISMS 3

For any i, j ≥ 0 we can find morphisms having this equality language. For example: g(a) = a^iba^j h(a) = a g(b) = a^iba^j h(b) = (ba^{i+j} )^{i+j} b We can summarize by

Theorem 1. Let g and h be binary morphisms, of which exactly one is periodic. Then either Eq(g, h) = {ε} or Eq(g, h) = (a^iba^j )^∗, with i, j ≥ 0 (up to the symmetry of the letters a and b).

On the other hand, any language (a^iba^j )^∗, i, j ≥ 0, is an equality language for one periodic and one non-periodic binary morphism.

References

[1] C. Choffrut and J. Karhumäki, Combinatorics on words, in “Handbook of Formal Languages” (G.Rozenberg and A.Salomaa, eds.), vol. 1, pp. 329–438, Springer-Verlag, Berlin Heidelberg, 1997.

[2] K. Culik II and J. Karhumäki, On the equality sets for homomorphisms on free monoids with two generators, RAIRO Theor. Informatics 14 (1980), 349–369.

[3] Š. Holub, Binary equality sets are generated by two words, J. Algebra, DOI: 10.1016/S0021- 8693(02)00534-3, in press.

[4] Š. Holub, A unique structure of two-generated binary equality sets., in press.

Charles University, PragueSokolovská 83, 186 75 Praha 8, Czech Republic E-mail address: holub@karlin.mff.cuni.cz