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Abstract

We investigate a condition on paritcular chains of ideals that can help us to un-
derstand infinitely generated modules over noetherian rings a bit. The results are
applied to semilocal noetherian rings, integral group rings of finite groups and uni-
versal enveloping algebras of solvable Lie algebras of finite dimension.
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1 Introduction

This paper is devoted to the study of infinitely generated projective modules
over some associative unital rings. Specifically, we are interested in cases when
the ring possesses projective modules that are not direct sums of finitely gen-
erated modules. Some general results and examples of rings possessing such
modules were given in [9]. Our motivation was to find a technique that can be
used to prove that a superdecomposable projective module over a semilocal
ring exists.

Let us briefly explain the idea. According to the theorem of Kaplansky, any
projective right module over a ring R is a direct sum of countably generated
right modules, so we are left to investigate countably generated projectives,
that is direct summands of a countably generated free right module FF = R®.
Suppose that P & P’ = F. The canonical projection m: F' — P is given by
a column-finite N x N idempotent matrix A. We say that A represents P
(observe that the columns of A generate P). Suppose that [, is an ideal of
R generated by those entries of A that are below the n-th row. Clearly, P is
finitely generated if and only if there exists k& € N such that [, = 0 for any
[ > k. The other extreme is when I; = I, = ... = R. It is a well-known
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result [3, Theorem 3.1] of Bass that in this case P ~ F provided R/J(R)
is right noetherian. In this paper we focus on the case when the sequence
I; O I, O ... terminates at an ideal I. It is easy to see that [ is idempotent.
We show that if R is left and right noetherian, and the sequence I O I, O - - -
terminates at I, then P contains any countably generated projective module
having its trace ideal in I as a direct summand. This can be seen as a version
of [3, Theorem 3.1]. Tt is easy to give a condition assuring that any sequence
of ideals derived from any idempotent column finite matrix terminates: If
I, I, ... is a sequence of ideals such that Iy, [, = Iy, for any k£ € N, then
there exists n € N such that I,, = I,,;; = .... We shall call this condition (*).

In section 2 we show that over a left and right noetherian ring R with (*),
the theory of projective modules "reduces” to the theory of idempotent ide-
als in R and the theory of finitely generated projective modules over factors
of R modulo idempotent ideals. This justifies a bit the despect to infinitely
generated projective modules indicated in the introduction of [3].

Further sections are devoted to some examples. We prove (*) for semilocal
noetherian rings, integral group rings of a finite group and universal enveloping
algebras of finite solvable Lie algebras over a field of characteristic zero. Then
we derive the following statements:

(i) There exists a semilocal noetherian ring possessing a superdecomposable
projective module.
(ii) Any indecomposable projective module over an integral group ring of a
finite group is finitely generated.
(iii) Any infinitely generated projective module over a finite dimensional solv-
able Lie algebra over a field of characteristic zero is free.

The second statement should give an answer to [7, Problem 8.34].

Let us briefly recall some notions and notation. By a ring we always mean an
associative ring with a unit. A module stands for a unital right module over
a ring. If M is a module over R, then 3 repom g f(M) is an ideal called
the trace ideal of M. We denote this ideal by Tr(M). If P is a projective
module over R, then Tr(P) is the least element of {X C R | PX = P}, so
clearly Tr(P) is an idempotent ideal (i.e., Tr(P)* = Tr(P)). Let us recall an
important result of Whitehead:

Fact 1.1 [14, Corollary 2.7] Let I be an idempotent ideal of R finitely gen-
erated on the left. Then there exists a countably generated projective right
R-module P such that Tr(P) = 1.

To avoid the confusion we call rings which have all left or right ideals finitely
generated left and right noetherian rings, although they are often called noethe-



rian rings. Finally by infinitely generated projective module we mean a count-
ably but not finitely generated projective module.

2 [-big modules

Let P be a countably generated projective module and let I be an ideal. We
say that P is I-big if for any countably generated projective module () of the
trace ideal contained in I there exists an epimorphism from P onto @ (and
hence P contains a direct summand isomorphic to Q).

Remark 2.1 (Eilenberg’s trick) Let I be an ideal and let P be an I-big
projective module. If ) is a countably generated projective module of the
trace ideal contained in I, then P @ @ ~ P. This is because Q) is a direct
summand of P.

Lemma 2.2 Let I be an idempotent ideal that is finitely generated as a left
ideal. Then there exists an I projective module P such that Tr(P) = I. Such
a module is unique up to isomorphism.

PROOF. By [14, Corollary 2.7] there exists a countably generated projective
module P such that Tr(P) = I. Of course, Tr(P“) = I. If Q is a countably
generated projective module having the trace ideal contained in I, then QI =
Q and Q is a factor of P“). Let P;, P, be I-big modules having trace ideal 1.
By Remark 2.1, P, & P, ~ P,. Similarly, P, ® P, ~ P, therefore P; >~ P;.

Remark 2.3 Observe that we proved that for any ideal I that is a trace ideal
of a countably generated projective module there exists a unique /-big module.
However, our intention is to use /-big modules over left and right noetherian
rings.

We shall say that a ring R satisfies the condition (*) if for any sequence
LI, I, ... of ideals in R such that I 1l = Ix11,k € N (observe that the
sequence is in fact a descending chain) there exists n € N such that I}, = I,
for any n < k € N.

We shall use this condition in the following context: Let A = (a; ;)i jen be an
idempotent column-finite matrix over R and let Iy = 37 <ien jeny Ras ;R for
any k € N. For any k£ € N there exists n, such that a; ; = 0 for any ¢ > n;, and
j < k. Obviously, it is possible to choose k < ny. Since A is idempotent, we
have I, I, = I,,,. If R satisfies (*), then all but finitely many I;’s are equal to
an idempotent ideal.



Lemma 2.4 Let R be a ring satisfying (*) and let P be a countably generated
projective module over R. The set of ideals [(P) =4I C R | P/PI is finitely
generated } contains the least element Iy, which is an idempotent ideal.

PROOF. Let A = (a;;)ijen be an idempotent column finite matrix repre-
senting P and I,k € N ideals defined above. Let I, be the least element of
{I | k € N}. As remarked above [; is idempotent. Let {e; | i € N} be the
canonical free base of R™) and suppose that Iy = I,, = I,,41 = .... Then

", Ae;R + Ply = P, so P/PI, is finitely generated. Suppose that K is an
ideal such that P/PK is a finitely generated module. Imagine P = ARN C
RM™ . The elements of PK are exactly the elements of P whose components
are given by elements of K. If P/PK is finitely generated, then there exists
k € N such that a;; € K,i > k,j € N, therefore [, C K.

Thus if R satisfies (*), then a countably generated projective module gives
a pair (I, P’), where I is an idempotent ideal and P’ is a finitely generated
projective R/I-module.

Lemma 2.5 Let I be an idempotent ideal such that I is finitely generated
as a left module and as a right module. If P,Q are I-big projective modules
satisfying P/PI ~ Q/QI, then P ~ Q.

PROQOF. Let B be the unique /-big projective module having the trace ideal
I. Observe that P @ B« ~ P according to Remark 2.1. If f: P — ) induces
an isomorphism P/PI — Q/QI, then f(P)+ QI = Q. Since QI is countably
generated and Tr(B) = I, we obtain an epimorphism h: P & B“) — @ such
that h|p = f. Since f induces a monomorphism P/PI — Q/QI and h(B“)) C
QI, X =Ker h C PI ® B®. Thus X is a projective module having its trace
contained in I, so Q® X ~ @ since Q is I-big. Finally, Q@ X ~ P®B“ ~ P
and ) ~ P follows.

Lemma 2.6 Let I be a proper idempotent ideal that is finitely generated as a
left ideal of a ring R. If P’ is a finitely generated projective module over R/,
then there ezists an I-big projective module P such that P/PI ~ P'.

PROOF. By Lemma 2.2 it is enough to find a countably generated projective
module P such that P/PI ~ P’

Suppose that P’ is given by a n x n matrix X that is idempotent modulo
I. This means that the R-matrix X is a lift of an idempotent R/I-matrix
X. Let I = Iiy +--- + Iig,i1,...,4, € I. Consider a sequence of matrices
Ay, Ay, ... given inductively: A; has ¢; = n columns and r; = In + n rows.



The square matrix given by the first n rows of A; is exactly X and (4;);,;, =0
ifn <i<n+(j—1)l ori > n+jl and the remaining entries in each column are
filled by generators iy, ...,4. (So in each column we have an ”independent”
set of generators for I.)

If Ay, 7y, cp have been defined, then Ag,q has ¢xy1 = 7, columns and r; =
rx + lry rows. The n x n top left corner of Ap,y is given by the matrix X
and all the other entries in the first 7, rows are zero. The remaining [r; rows

contains iy, ..., placed in each column in the same fashion as described for
A

Now we claim that for any k& € N there is a ¢ 1 X rp41 matrix By such that
By A1 Ax = Ag. Observe that the ¢ X ¢ matrix given by the first ¢, rows
of A is idempotent modulo I. We can find a 7, x r, matrix Cj such that
CrA, = Ag: The top left corner of Cy is given by X, the other entries in the
first ¢, columns are zero and the matrix is completed by elements of I since
I =1iy+---+1Ii and iy, . .., are placed independently in the bottom part of
Apg. This matrix Cy can be written as Dy Ay 1, where Dy, is a suitable ry X g
matrix (again we place X to the top left corner of Dy, the other entries in
the first r, columns will be zero and the remaining entries can be completed
because the generators for I are placed independently in Ajy;.) Now, since
Ak = CkAk = DkAk+1Ak7 we pU_t Bk = Dk

Let F, = R and let fy: Fy — Fy11 be given by A. By [14, Theorem 2.1], the
colimit of the direct system induced by fi’s is a projective module P. Applying
the functor — ®g R/I:Mod — R — Mod — R/I we see that P/PI is an R/I-

module isomorphic to the colimit of the system (R/I)" X (R/D™ % ... that
is easily seen to be X (R/I)" ~ P’. Therefore P/PI ~ P'.

The following lemma is in some sense a clone of [3, Theorem 3.1]. We give
a brief but complete proof of a statement for left and right noetherian rings
rather than specifying what should be modified in the proof of [3, Theorem 3.1]
to get a real generalization.

Lemma 2.7 Let R be a left and right noetherian ring. Let A = (a; ;)i jen be
an idempotent column-finite matriz. Let Iy = 375y jen RaijR. If there exists
n € N such that I, = I, for any m > n, then the module P = AR™ C RM

1s I,,-big.

PROOF. Put I = I, and observe that [ is finitely generated as a left ideal.
Let us denote a; the i-th column of A. We shall construct a sequence pq, po, . . .
of elements in P, let us denote p; = (¢;;)jen, such that there exist integers
1 =14 <1y <...such that for any k € NI C Rc;,  + -+ Rc;,,,—1x and



cr = 0 for any [ > i44. Let us describe how we can find p; (an element
of P such that the left ideal generated by its components contains I). Put
s =1,8) =1 € Nyoy = a11,t1 =1 € R and let my € N be such that
ag R+ +am R = Yena R (we are using R right noetherian here).
Since A is column finite, there exists sj < m} € N such that a;; = 0 for
any i > my,j < my. If I C Rz, we finish (and put p; = a;). Suppose the
opposite. Since I C I/, there exist sp,s; € N, s; > m) and ¢, € R such
that ag s,t2 ¢ Rxi. Put zo = gy sy l2- Again, there is ms € N such that
ag 1R+ + ag m, 0 = 3 ey ag j . Next we find my such that a; ; = 0 for
any ¢ > mb,j < mo. If I € Rxy + Rxy we continue inductively. Observe
that Rry & Rz + Rzy Since R is left noetherian, the process has to stop at
some f € N, that is I C Rx; + -+ + Rxy. Now p; is the right R-combination
of ai,...,a,, such that the s;-th component of this combination is z; for
1 < ¢ < f. We find 45 > 4; such that the k-th component of p; is zero
whenever k > 5.

Suppose that py, ..., py have been constructed. Find i1 > ¢ such that ¢, =
0 for any j > 4x1. Then pyyq is constructed in the same way as p; but we
start on the iy 1-th row of A (i.e., we start with z; = a;,,, 1,51 = 1, 8] = ig41).

Now, let () be a countably generated projective module of the trace ideal
contained in I given by a column finite idempotent matrix B over R (again,
we consider ) as a submodule of R™). Since the trace ideal of @ lies in I, all
entries of B are in [. Let C be a matrix such that columns of C' are given by
P1, P2, - ... The shape of C' guarantees the existence of a column finite matrix
D having all entries in Tr(Q)) such that DC' = B (it is important to realize
that elements of D can be chosen in I). Now, let f: R™ — R®M be given by
D. Observe, that @ C f(P) and if m: R®™ — @ is a projection, then 7 f|p is
an epimorphism of P onto @), so P is I-big.

Remark 2.8 Imitating the proof [3, Theorem 3.1] precisely, we could get the
following. Let R be a ring such that R/J(R) is right noetherian. Let P, I} be
as above and suppose that [ = I,, = [,,;1 = ... is a finitely generated left ideal
such that INJ(R) = J(R)I. Then P is I-big. (For I = R we get the Bass’ big
projectives theorem). Also we could leave out the assumption (*) and prove
that P is Nyenl,-big but we do not have an application for this version of
Lemma 2.7.

Let R be a ring and let V,.(R) be a representative set of finitely generated
projective right R-modules, V;(R) be a representative set of finitely generated
projective left R-modules, V,.(R)* be a representative set of right countably
generated projective modules and let V;(R)* be a representative set of count-
ably generated projective left R-modules.

Theorem 2.9 Let R be a left and right noetherian ring satisfying (*). Let



Id(R) be the set of its idempotent ideals and let S be the disjoint union
Uretar) Vo (R/I). Then there is a bijection ¢:V,.(R)* — S. Moreover, there
is a bijection between V,.(R)* and V)(R)* extending the classical bijection be-
tween V,.(R) and Vi(R) induced by Hompg(—, Rg).

PROOF. By Lemma 2.7 any countably generated P projective right module
is I-big, where I is the least ideal such that and P/PI is finitely generated.
As we know [ is idempotent. This gives a map from V,.(R)* to S. This map is
a bijection by Lemma 2.5 and Lemma 2.6. The bijection between V*(R) and
V*(R) then follows from dualities between finitely generated projective left
and right R/I-modules, where I varies Id(R).

Now we should demonstrate the technique in an example. The following one
is from [4, Example 4.4] and in our context it has been already studied in [9].

Y/
Example 2.10 Let R = be a subring of 2 x 2 matrix ring over Z.
7 7
10 00
Let us denote e; = and ey = . Then P, = e1R and P, = esR
00 01

are finitely generated projective modules. According to [9, Lemma 10.4], the

only nontrivial idempotent ideals of R are A = Tr(P;) = Rey R, B = Tr(P,) =

ReyR. By [9, Proposition 9.5] any projective right module is a generator, PI(X)

or PQ(Y). To finish the classification of infinitely generated projective modules,

we just need to prove that R satisfies (*). If I is an ideal of R, then there
2 noZ.

are ni,ng,n3,ny € 7Z such that I = . Observe that n, € ns3Z,
ngZ 7’1,4Z

dns € M2, ny € M, 4nq € nol, ny € nzZ and 4nz € nyZ. Suppose that

KI = K for a nonzero ideal K. Then n3Z = Z. Then there are only finitely

many ideals containing I, so R satisfies (*).

Having proved this we are left to check finitely generated projective mod-
ules over R/A and R/B. Both these rings are isomorphic to a local ring
Zy4, so finitely generated modules over R/A and R/B are free. Now let P
be a countably generated projective R-module. Suppose that P is A-big and
P/PA ~ R/A* k € Ny. But observe that Q = RF @ e!™ is also an A-big
module such that and Q/QA ~ R/AF. Similar statement applies for B-big
modules, so we have that any infinitely generated projective R-module is iso-
morphic to direct sum of copies of R, Py, P,. This answers [9, Question 10.10].
Observe that we do not say anything about finitely generated projectives.



Remark 2.11 Observe that if R is a left and right noetherian having (*),
then any indecomposable projective module is finitely generated. Although
we think that (*) is a very particular property (see [6]), it seems that it may
occure quite often in natural examples of left and right noetherian rings.

3 Semilocal noetherian rings

Recall that a ring R is said to be semilocal, if R/J(R) is semisimple. If P, Q
are projective modules, then P/PJ(R) ~ Q/QJ(R) if and only if P ~ @ ([10,
Theorem 1.3]). In this section we show that any semilocal left and right noethe-
rian ring satisfies (*), so any countably generated projective module over such
a ring is I-big. Further we show a connection of the pair (I, P/PI) studied
in the previous section and the semisimple module P/PJ(R). Finally, an ex-
ample of a superdecomposable projective module over a semilocal noetherian
ring is given.

Lemma 3.1 Let R be a left noetherian semilocal ring. Then R has only
finitely many idempotent ideals.

PROOF. By [14, Corollary 2.7], any idempotent ideal of R is a trace ideal
of a countably generated projective module P, hence it is also a trace ideal of
P“)_ But since R is semilocal, there exist only finitely many non-isomorphic
countably generated projective modules of type P“) according to [10, The-
orem 1.3]. Therefore, there exist also only finitely many distinct idempotent
ideals.

Corollary 3.2 Let R be a semilocal left and right noetherian ring. Then R
satisfies (*).

PROOF. Let m: R — R/J(R) be the natural projection. Consider a descend-
ing sequence of ideals (in R) such that I 1l = Ij1. Since w([),m(ls),. ..
gives a descending sequence in an artinian ring R/J(R), there exists ky € N
such that m([) = w(ly,) for any k > ko. Then Iy 1 = Iy41(Llki1 + J(R)) for
any k > ko. By Nakayama lemma we see that [ is idempotent for any k& > k.
Now we conclude by Lemma 3.1.

Lemma 3.3 Let P be a projective module of the trace ideal I and let S be a
simple module. The following conditions are equivalent.

(i) S is a factor of 1
(i1) S is a factor of P



(iii) ST =5

PROOF. (i)=(ii) Suppose first that f: I — S is nonzero. Then f(i) # 0 for
some ¢ € I. Since [ is the trace ideal of P, there are ¢1,...,gx: P — [ and
P1s- ..,k € P such that g1(p1) + - - - + gx(pr) = i. Therefore fg; # 0 for some
1 < 7 < k. (Observe that we did not use P projective for this implication.)

(ii)=-(iii) Follows from PI = P.

(iii)=-(i) Let f: R — S be nonzero. Since SI =S5, f(I) = S.

Proposition 3.4 Let R be a semilocal left and right noetherian ring. Suppose
that P is a countably generated projective module. Then there exists the least
ideal I in R such that P/PI is finitely generated. Moreover, let {Sy,..., Sk}
be a set of representatives of simple modules indexed such that P/PJ(R) ~
S oS eI @B ny,...,m €Ny, 0< 1< k. Then P is I-big,
S; = SiI if and only if i > 1 and P/PI/rad(P/PI) ~ ST* &--- & S"

PROOF. By Corollary 3.2, R satisfies (*). By Lemma 2.4, there exists I such
that P/PI is finitely generated and [ is contained in any ideal K such that
P/PK is finitely generated. The definition of I in the proof of Lemma 2.4
together with Lemma 2.7 give that P is I-big. Since [ is finitely generated as
a left ideal, there exists a unique I-big projective module B of the trace ideal
I and P @ B“) ~ P according to Remark 2.1. By Lemma 3.3, if S is a simple
module, then S is a factor of P (and hence of P/P.J(R)) whenever ST = S.

So we choose the enumeration for simple modules such that Si,...,S; are
annihilated by I and Sj.1,..., S are factors of I. Let 0 < Ay,..., Az < 00 be
such that P/PJ(R) ~ S" @---®S™) As remarked above Ay = -+ = Ay =

00. On the other hand, 591) D- - ~€aSl()‘l) is a factor of P annihilated by I, hence
a factor of P/PI, so Aq,...,\ are finite. Suppose that P/PI/rad(P/PI) ~
STt @---@S;". Obviously, A\; < n;. On the contrary, S{* @---@®.S" is a factor
of P, so n; < \; follows.

Recall that a nonzero module is called superdecomposable if it does have no
indecomposable direct summand. The following lemma explains our craving
for the existence of superdecomposable projectives over semilocal rings.

Lemma 3.5 Let R be a semilocal ring. Suppose that there is a superdecom-
posable projective module over R. Then R possesses a nonzero decomposable
projective module having all its nonzero direct summands isomorphic.



PROOF. By the theorem of Kaplansky, if there exists a superdecomposable
projective module, then there exists a superdecomposable countably generated
projective module. Let Sy, ..., S, be a complete list of representatives of sim-
ple R-modules. If P is a countably generated projective module, then we write
dim(P) = (n1,...,ng) if P/PJ(R) ~ S e S,(an), where 0 < n; < w.
If P is a superdecomposable module, then there exists a superdecomposable
countably generated projective module @) such that dim(Q) = (mq,...,my),
where m; = 0 or m; = w for any 1 < i < k. Let Q' be a superdecompos-
able module such that dim(Q’) has all components in {0,w} and the number
of nonzero components is as small as possible. Then it is easy to see that
dim(Q") = dim(Q") for any nonzero direct summand of @', so [10, Theo-
rem 1.3] gives that @’ has the required property.

The following example discovered by Puninski [9] shows that a superdecom-
posable projective module may exist even over a semilocal noetherian ring.

Example 3.6 (cf. [9, Proposition 7.5]) Let ¥ = Z \ 2Z U 3Z U 5Z and let Zy,
be the localization of integers at ¥. Then the group ring Zx[As] is a semilocal
noetherian ring possessing a superdecomposable projective module.

PROOF. It was already remarked in [9] that R = Zs[As] is a semilocal
left and right noetherian ring and the augmentation ideal I of the natural
epimorphism R — Zy is idempotent since [As, A5] = As. It was also said
there that any finitely generated projective module is a generator. We can
see directly that if P is a finitely generated module, then Tr(P) cannot be
contained in I. Since Zsy, is a Dedekind ring of zero characteristic, 2,3,5 are
not invertible in Zs;, P' = P ®z414, Q[As5] is a free Q[As]-module by [12,
Theorem 8.1]. If Tr(P) C I, then P'I’ = P’, where I’ is an augmentation
ideal of Q[A5], a contradiction. Let @ be a projective module having the trace
ideal I. If )’ is a nonzero direct summand of @, then @' cannot be finitely
generated, and there is a nonzero idempotent ideal K such that Q' is K-big.
Therefore () cannot be indecomposable.

Remark 3.7 Over semilocal rings the classification of countably generated
projective modules can be given by describing all possible dimensions (if we
continue the above notation we ask which elements of (w + 1)* can be ob-
tained as dim of a projective module). Proposition 3.4 gives a way how to
do it for semilocal left and right noetherian rings. However, it seems that
it can be hard to describe idempotent ideals and finitely generated projec-
tives over corresponding factors. But some partial steps can be quite easy: Let
R = Zs[As] be the ring from Example 3.6, I the augmentation ideal of R.
Let C(I) = {P € Proj — R | Pis I — big and P/PI is finitely generated }.
Suppose that we want to classify modules in C(I). Observe that there are
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up to isomorphism exactly 3 simple modules annihilated by I say S, S5, S3
(the simple factors of Zy). Let Ss, ..., Sk be the list of all remaining repre-
sentatives of simple modules. Since Zy, is an indecomposable semilocal com-
mutative ring, all projective Zs-modules are free, therefore if P € C'(I) then
dim(P) = (k,k,k,w,...,w). Finally, if we observe that the multiplicity of
S1,8, 83 in R/J(R) is 1, then [10, Theorem 1.3] give us that any module of
C(I) is a direct sum of a finitely generated free module and the (unique) I-big
module of the trace ideal I.

This remark implies the following question: Is any I-big projective module
over a semilocal ring a direct sum of a finitely generated module and an I-big
module of the trace 7

4 Integral group rings

In this section we apply our approach to integral group algebras for some finite
groups. If GG is a finite solvable group, then any infinitely generated projective
(left or right) Z[G]-module is free according to [13, Theorem 7| and Z[G]
contains only trivial idempotent ideals according to [11]. If G is not solvable
but finite, then a non-trivial idempotent ideal exists by [1]. We prove that for
any finite group G the ring Z[G] satisfies (*), so regarding section 2 we can
understand infinitely generated projective Z[G]-modules a bit.

Lemma 4.1 Let G be a finite group. Suppose there is a sequence of ideals
L, I, ... C Z[G] such that Ij 1 Iy = Ijy1. Then there is a descending chain
Ky, 2 Ky D -+ of idempotent ideals in Z|G] such that NienK; = Nienl;. More-
over, if I, I, ... contains a strictly descending subsequence, then K, Ks, ...
can be chosen strictly descending.

PROOF. Let I1,1,... be a sequence of ideals in Z[G] such that Iy, I}, =
Iti1. Let I}, be a subspace of Q[G] generated by Ij. I, I}, ... are ideals of
Q[G] such that I I} = Ij . Now, Q[G] is semisimple, so there is m € N
such that I = I/, for any k > m. Since I;’s are finitely generated, for any
k > m there exists n; € N such that ngly C Ij1. Now, I/Ix,; is a finitely
generated Z,, [G] (left or right)-module, so the set of ideals {I;41 € I C
Iy, | Iys11 = Ixy1} contains a minimal element K. Observe that [ KK =
I.,K = T4, so K = K2 So we have that if the sequence I, I, ... is
strictly descending, then there exists a strictly descending sequence Ky, Ko, . ..
of idempotent ideals in Z[G|] such that Ngenly = Nken K.

Lemma 4.2 Let R be a ring, N a nilpotent ideal, 7: R — R/N the natural
projection and I, K idempotent ideals. If m(I) = w(K), then I = K.
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PROOF. Let N* = 0. If [ + N = K + N, then (I + N)* = (K + N)* and
I = K since I = I* implies (I + N)* = 1.

The following lemma is standard (see [2, Proposition 27.1]).

Lemma 4.3 Let R be a ring and let N be a nil ideal, m: R — R/N be the
canonical projection. If €' is an idempotent in R/N, then there is an idempotent
e € R such that m(e) = €. Moreover, if there is an element x € Z(R) such
that m(x) = €', then e can be chosen in Z(R).

PROOF. Let x € R be such that w(x) = €. There is a k € N such that

(x2 — 2)* = 0. The binomial formula gives a ¢ € R such that 2F = 2%l

Observe that in any case ¢ commutes with x. Then 2% = 22*c*, and therefore

(zFch)? = g cFek = zhck. So xFc¥ is an idempotent lifting ¢’. If z € Z(R) then

c € Z(R) and z*ck € Z(R), because Z(R) is a subring of R.

Recall that the center of a group ring over a commutative ring is formed by
functions constant on all conjugacy classes of the group. Therefore central
idempotents can be lifted in a coefficient reduction if the kernel is nil.

Lemma 4.4 Let G be a finite group and let p be a primep f|G|. If k € N and
I is an idempotent ideal of R = Z,.[G]. Then there exists a central idempotent
e € R such that I = Re.

PROOF. Let R’ = Z,[G] and m = Z,:[G] — 7Z,|G] be the coefficient re-
duction. By Maschke’s theorem R’ is semisimple, so w(I) = ¢’R’ for a central
idempotent €’. Since Ker 7 is nilpotent, by Lemma 4.3 there is a central idem-
potent e such that m(e) = ¢/. Put K = eR and observe that K = K?2. Then
7(I)=m(K),so I = K by Lemma 4.2.

Lemma 4.5 Let G,p,k be as above. If K is an idempotent ideal of R =

Z,2x|G), then p*K is essential in K.

PROOF. Let x be an element of K. Let e be a central idempotent such that
K =eR. If p"x = 0, then ex = 2 € K Np*R = p*K and we are done.

Theorem 4.6 Let G be a finite group. Then the integral group ring over G
satisfies (*).
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PROOF. Let I; 2 I 2 --- be a chain of idempotent ideals in R = Z[G]. We
can suppose that for any k € N there is ny, € N such that ngl, C Ij;.

We claim that for any £ € N we find n € N such that I, + nR = I, + nR
implies [; = I; whenever 1 < j,7 < k. Obviously, it is enough to find n such
that I;NnRk = I;NnR for 1 <i,5 < k. Let 21, 2, ... be a sequence of positive
integers such that z;|z;,1 and for any y € N there exists z; such that y|z;. For
given p,q € N consider A,, = {r € R | x,r € I,}. A, , are ideals such that
Ay C Ay, C .. forany g € N. Since R is noetherian, this sequence terminates
in an ideal A independent of ¢ (this is because n,I, C I,4+1). Observe that for
sufficiently large [ € N (depending on ¢q) ;A = ;R N I,. This gives the
existence of n and the claim is also true for any multiple of n. We can choose
n such that nl; C I;.

Now let us consider the coefficient reduction ¢: R — Z,2[G] suppose that
n = pi'...p', p1,...,p being different primes. Thus Z,:[G] ~ Z 2 [G] x
1
e X L [G]. Suppose that ¢(I1),...,¢(Ix) is a strictly descending chain of
1

idempotent ideals in Z,2[G] all of them are containing ne(I;). Let us have a
look at the component given by p; if p; f|G|: We have idempotent ideals in
szij [G] contained in the image of I; and containing p; times the image of

I ”So in this component, the projections of considered ideals are the same
according to Lemma 4.5 and Lemma 4.4. On the other hand, if p; divides
|G|, the number of idempotent ideals in szij [G] does not exceed number of

idempotent ideals in Z,, [G]. Therefore we have that the number of idempotent
ideals in Z,2[G] that are between ¢(I;) and ne(1l;) is bounded by a number
that is independent of n. This contradiction concludes the proof.

The following corollary answers a question of P. Linnell about indecomposable
projectives over Z|[G].

Corollary 4.7 Let G be a finite group. Then all indecomposable projective
modules over Z|G] are finitely generated.

PROOF. Let P be a countably but not finitely generated projective module
over R = Z|G]. Since R is a left and right noetherian ring satisfying (*),
P is I-big, where [ is a nonzero idempotent ideal. Therefore P contains a
decomposable direct summand (the only /-big module of the trace I).
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5 One more application

Finally let us have a look at universal enveloping algebras. Let g be a Lie
algebra over a field k and let X be a base of g. A universal enveloping algebra
of g, denoted by U(g), is a factor of a free k-algebra over X with respect to
relations zy — yx = [z,y],z,y € X. If g is a nilpotent Lie algebra of finite
dimension, then U(g) is a left and right noetherian AR-domain and it fol-
lows that all infinitely generated projective modules are free ([9, Lemma 8.6]).
The AR-property does not hold for solvable Lie algebras in general, but it
appears that the property (*) does. It enable us to prove that infinitely gen-
erated projective modules are free over U(g) if g is a solvable Lie algebra of
finite dimension and k has characteristic zero. This concludes the proof of
[9, Conjecture 8.5] saying that a finite dimensional Lie algebra over a field
of characteristic zero is solvable if and only if any (left and right) projective
module over U(g) is a direct sum of finitely generated modules.

Lemma 5.1 Let k be an algebraically closed field of characteristic zero, g a
solvable Lie algebra over k of finite dimension, h an ideal in g having codi-
mension one. Fiz an element g € g\ h. Let S be a noetherian domain, D a
derivation on S, R = Splx] a skew polynomial ring given by xs — sz = D(s).
Suppose that there ezists an epimorphism p:U(g) — R such that o(U(h)) C S
and p(g) = x. If X,Y are nonzero ideals in R such that XY = X, then
YNS#DO0.

PROOF. By [8, Theorem 1.2.9] R is a left and right noetherian domain
so it has a (left and right) quotient field K. Any nonzero element p € R
can be uniquely written as > a;x',a; € S,a, # 0, as usually we say
that n is the degree of p and a, is the leading coefficient of p. Observe
that p = Y0 2%, a € S,a, = al,. Let ng = min{deg(p) | 0 # p € X},
mo = min{deg(p) | 0 # p € Y}. Let ¢¥:g — Endy(R) be a representation
of g given by ¥(y)(s) = p(y)s — sp(y) for any y € g. Observe that the ele-
ments of X of degree ng together with 0 form a space V' invariant under (g).
Since U(g) has a filtration consisting of finite dimensional ad — g submod-
ules, R and therefore V' have also filtrations consisting of finite dimensional
t—submodules. By [5, Theorem 1.3.12], it follows that there exists an element
0 # po € V and a form A\ € g* such that ¥(y)(po) = A(y)po,y € g. So it fol-
lows that there exists an element py € X of degree ngy such that Rpy = poR.
Similarly, there exists an element gy € Y of degree my such that Rgy = qoR
(elements of this property are called normal).

Fix 0 # s € S, s7! € K. Observe that if p € R and s;s7! € S for some
0 # s; € S, then deg(s;s™'p) = deg(p), so we can define deg(s~'p) = deg(p)
for any 0 # s € S,p € R. Using the standard induction on deg(s~!p) one can
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prove the following: If 0 # s € S and p € X, then s7!p can be expressed as
a sum of elements of the form s{ls;poxi, s; # 0,8 € S,i € Ny. Similarly for
0#s€Sandqc€Y,gs! can be expressed as a sum of 2°qys’s; . Now, since
Do = >y PiGi, pi € X,q €Y, there are 0 # {1, ¢y € S such that ¢t1pgts can be
written as a sum of elements spyxiqys’, s, s’ € S,i € N. Since py, o are normal,
there exists r € R such that t;pota = pogor. It follows that deg(qo) = 0, so
0 7& GpeEYNS.

Proposition 5.2 Let g be a finite dimensional solvable Lie algebra over a
commutative field k of characteristic zero. If Iy, 15, ... are nonzero ideals in
U(g) such that Iy 1l = I,k € N, then I, = U(g) for any k € N.

PROOF. Let us prove the proposition for k algebraically closed. We proceed
by induction on dim g, the case dim g = 1 is trivial. Since g is completely
solvable, there exists h, an ideal of g of codimension 1. Fix some g € g\ h. Let
R =U(g), R = U(h). Recall that R is a free (left or right) R-module with
a free base B = {1,g,¢°% ...}. If I is an ideal of R let c¢(I) be the smallest
ideal in R’ such that I C ¢(I)B. If XY = X for nonzero ideals in R, then
c(X)e(Y) = ¢(X), so, by induction, ¢(Iz) = R’ for any k € N.

Recall that any prime ideal in R’ or R is completely prime. Now we want to
prove the following claim: Let P’ be a prime of R’ such that [g, p] :== gp—pg €
P’ forany p € P', and let P = RP'R. If m: R — R/ P is the natural projection,
then w(I;) = R/P for any k£ € N. Once we prove this, the proposition will
follow if we put P’ = 0. Let us proceed by induction on the maximal length
of a chain of primes in R'/P’. (Recall that this length is bounded by dim h
by [5, Theorem 3.5.12].) First observe that R/P can be identified with a
skew polynomial ring R’/ P}[x], where D([r']) = [gr' — 7'g],[r'] € R'. (Realize
that the ring homomorphism R — R’/Pj[x] sending >, s;9° to Y1, [si]x’
factorizes through 7 via an isomorphism. Also note that we need the extra
property of P’ to define D correctly.)

Since ¢(Iy) = c(Ixgs1) = R, n(Ix), 7(Ix+1) # 0 and we can apply Lemma 5.1
to see w(I) N R'/P" # 0. So if R'/P’ is a simple ring, 7n(l;) = R/P and
this completes the first step of the induction. Let P* & I’ be an ideal of R’
such that I'/P" = w(I;) N R'/P'. Observe that (R/P)(I'/P")(R/P) C w(l}).
Let Pj,..., P/ be the minimal primes of I’ in R'. Since I’ is stable under
lg,—], Py,..., P/ are also stable under [¢g, —| according to [5, Lemma 3.3.3].
Let P; = RP](R and let 7;: R — R/P; be the natural projections, the induction
gives w;(I) = R/P;. Thus R/P = (w(Iy)+n(P)) - - (n(Ly)+7(F)) C m(ly)+
(P --- P). Observe that any element of w(P; --- P)) is a polynomial having
all its coefficients in P| - -+ P/ + P’/P’. Since by [8, Theorem 2.3.7] there exists
n € N such that (PfN---NP)" C I'' R/IP C (n(ly) + n(P---P))" C
7w(Ix) + 7(Iy), so w(I) = R/P. This completes the induction.
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In general, let k be an algebraic closure of k. Consider R = U(g) @k ~ U(g®k)
and the ideals I}, = I ®k. It is easy to see that I, = I 1. By the preceding
step, Iy = R. But this is possible only if I = U(g).

Corollary 5.3 Let g be a finite dimensional solvable Lie algebra over a com-
mutative field of characteristic zero. Then

(1) Any idempotent ideal of U(g) is trivial.
(i1) The universal enveloping algebra of g satisfies (*).
(11i) Any projective U(g)-module that is not finitely generated is free.

References

[1] T. Akasaki, Idempotent ideals of integral group rings, J. Algebra 23 (1972) 343
- 346

[2] F. W. Anderson, K. R. Fuller, Rings and categories of modules, Springer -
Verlag, 1974

[3] H. Bass, Big projective modules are free, Illinois J. Math., (1963), 24-31

[4] A. W. Chatters, C. R. Hajarnavis, Noetherian rings of injective dimension one
which are orders in quasi-Frobenius rings, J. Algebra, 270 (2003), 249 - 260

[5] J. Dixmier, Enveloping algebras, Akademie - Verlag, Berlin 1977

[6] H. Kraft, L. W. Small, N. R. Wallach Properties and examples of FCR-algebras,
manuscripta math. 104 (2001), 443 - 450

[7] V. D. Mazurov, E. I. Khukhro, The Kourovka notebook. Unsolved problems in
group theory, 15th augm. ed, Novosibirsk Institut Matematiki, 2002

[8] J. C. McConnell, J. C. Robson, Noncommutative noetherian rings, AMS,
Providence, R. 1. 2001

[9] G. Puninski, When a projective module is a direct sum of finitely generated
modules, preprint 2004

[10] P. Pfihoda, Projective modules are determined by their radical factors, preprint
temporarily available on http://artax.karlin.mff.cuni.cz/~ppri7485/temp

[11] K. W. Roggenkamp, Integral group rings of solvable finite groups have no
idempotent ideals, Arch. Math. 25 (1974) 125 - 128

[12] R. G. Swan, Induced representations and projective modules, Ann. of Math. 71
(1960) 552 - 578

[13] R. G. Swan, The Grothendieck group of a finite group, Topology 2 (1963) 85 -
110

16



[14] J. M. Whitehead, Projective modules and their trace ideals, Comm. Algebra
8(19) 1980, 1873 - 1901

17



